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Abstract
The forcing construction in [6] was meant to produce self-constructing families
of continua, formalizing the idea that the totality of real numbers might grow “organically,” but two problems identified there prevented various forcing posets from
working when used in the construction. We show here how a forcing poset that
avoids both problems can, under a conjecture about von Neumann subfactors, be
obtained from certain models of AQFT (algebraic quantum field theory). The simple
subfactors originally identified by R. Longo provide our main tool.
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Introduction and outline

The two axioms defining a self-constructing family of continua (restated below in Section
2.1) formalize the idea that the continuum (the set of all real numbers) could grow organically as more complicated reals are constructed out of less complicated ones. For a full
statement of this intuitive idea and an argument that the axioms capture it faithfully, see
[6]. The technique suited to produce models of the axioms is set-theoretic forcing, in which
a real number’s degree of genericity captures how “complicated” it is. Following [6] we will
force over the constructible set universe L to obtain candidate models F(B, χ, G), where
B is a boolean algebra, χ is a function that determines which subalgebras of B contribute
continua to the model, and G is a generic ultrafilter on B. (For the precise definition of
F(B, χ, G) see Section 2.) It is currently unknown whether candidates of this form (or any
nontrivial form) can satisfy the axioms. [6] showed that they cannot when the best-known
forcing algebras are used as B. The present paper is a plan for designing a B suitable for
yielding a model, using structures derived from AQFT (algebraic quantum field theory).
We begin by explaining why AQFT might be useful towards this end, and by outlining our
plan.
The search for a suitable B. By a suitable boolean algebra B we will mean one that
is free of two properties, identified in [6] and restated below in Section 7, that would (independently) prevent F(B, χ, G) from satisfying the self-construction axioms. The flexible
homogeneity property afflicts the best-known forcing algebras, namely the Cohen-real and
random-real algebras. If such a B is used to force a generic real number x, then B will,
informally speaking, have too many symmetries (automorphisms) for x to be constructible
from an appropriate collection of less-generic reals. A heavy-handed fix for this problem is
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suggested in [6]: avoid all symmetries by using a rigid boolean algebra, i.e. a B with no
nontrivial automorphisms. But [6]’s attempt to do this yielded a B that suffers from the
second problem (the bounded predecessors property), which also thwarts self-construction.
This retreat to rigid algebras may have been unnecessarily radical, however, because
flexible homogeneity does not follow from the mere existence of multiple automorphisms
of B. Rather it involves the existence of multiple automorphisms whose restrictions to
relevant subalgebras C ⊆ B are trivial. If the identity mapping is the only automorphism
of B that leaves each C member fixed, we say that C is rigidly included in B. This suggests
the “middle way” pursued in this paper: find a B that is not itself rigid, but rigidly includes
those subalgebras C that generate the “appropriate collections of less-generic reals” evoked
above.
The closest analog of this situation that we have found in the mathematical literature
comes from the field of von Neumann algebras, namely, the simple subfactor inclusions
R ⊂ S first identified by R. Longo in [4]. Such an inclusion is *-algebraically rigid in
the sense that no nontrivial *-automorphism of S leaves each R member fixed. In [8]
we isolated a conjecture under which the projection lattices of such rigidly-included von
Neumann algebras would yield rigidly-included boolean algebras. Since these algebras
would not themselves be rigid, they would instantiate our “middle way” of evading the
flexible-homogeneity problem.
Whether these boolean algebras would evade the bounded-predecessors problem, however, is not apparent from the main result in [4], which is that a von Neumann factor S
with certain properties will always have a simple subfactor R. By iterating this result we
can obtain a nested sequence R0 ⊃ R1 ⊃ R2 ⊃ . . . of factors, which under [8]’s conjecture
would yield boolean subalgebras B0 ⊃ B1 ⊃ B2 ⊃ . . ., which in turn would yield, when
used in [6]’s construction, continua R0 ⊃ R1 ⊃ R2 ⊃ . . .. But these Rn , like those produced
by rigid algebras in [6]’s example, would not be densely ordered by inclusion, and they
would succumb to the bounded-predecessors problem for the same reason that example
did.
Happily, there is a robust theory of systems of nested von Neumann algebras that are
densely ordered by inclusion, namely algebraic quantum field theory (AQFT). The present
paper is a plan for transforming certain AQFT models, whose algebras are not rigidly
included within each other, into models of a variant axiom ensuring that the inclusions are
rigid. We show (again, subject to the main conjecture of [8]) that the boolean algebras
derived from these models would indeed be suitable for use in F(B, χ, G).
In outline, our plan to transform systems of von Neumann algebras into systems of
suitable boolean algebras will go as follows.
Section 2 restates the self-construction axioms from [6] and the general F(B, χ, G)
recipe for obtaining candidate models thereof.
Section 3 states two versions of an axiom defining systems of rigidly-included algebras,
first the RIST axiom (for “rigidly-included subalgebra theory”) defining systems of von
Neumann algebras, and second the RIST-B axiom analogously defining systems of boolean
algebras.
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Section 4 presents one method of transforming certain AQFT models into RIST models; this way, based on the free product technique due to D. Voiculescu, is technically
complex, but a potentially simpler method (whose success is not confirmed) is suggested
in an appendix, Section 8.
Section 5 recalls [8]’s procedure for obtaining rigidly-included boolean algebras from (the
projection lattices of) rigidly-included von Neumann algebras, and recalls the conditions
for this procedure’s success.
Section 6 shows how a RIST model can, under [8]’s main conjecture, and following its
basic procedure, be transformed into a RIST-B model.
Section 7 confirms that any boolean algebra in a RIST-B model is suitable for our
purposes, i.e. avoids the two problems identified in [6].
Even if the RIST-to-RIST-B conjecture is correct and our method does yield a suitable
boolean algebra B, the task will still remain to find a χ such that F(B, χ, G) is a selfconstructing family of continua. That task is unlikely to be easy and is beyond the scope
of this paper.
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Self-construction axioms and the F(B, χ, G) recipe

The material in this section is restated (verbatim, in places) from [6].

2.1

The self-construction axioms

The idea of a self-constructing family of continua is rooted in the theory of constructibility,
for which see [2], Chapter 13. In particular it is based on the relative constructible hierarchy
L(X) relative to an arbitrary set X (see [2], Definition 13.24). Informally L(X) is the
collection of those sets that must exist given that X does (and given all the ordinals, and
given that the ZF axioms hold). Formally L(X) is the union of the levels Lα (X), where
α ranges over the ordinals, and each level is defined in terms of lower levels exactly as in
Gödel’s original definition of L, except that the base level L0 (X), rather than being defined
as the empty set, is now defined as the transitive closure of {X}.
The constructive closure R(X) of an arbitrary set X of real numbers is, informally, the
set of all real numbers that must exist given that X does; formally, we define R(X) for any
set X as the set of all real numbers in L(X).
A continuum is a set X of reals that is constructively closed, meaning R(X) = X.
If a continuum X has form X = R(x) for some real number x, we say X is singly
generated, and that x generates X.
A collection N of continua (or of sets more generally) is called directed (under the
inclusion ordering) if for all X, Y ∈ N , there exists Z ∈ N such that X, Y ⊆ Z.
A set N of continua self-collects into another continuum X if the following hold:
(i) X 6∈ N ;
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(ii) N is directed;
(iii) N ∈ L(X);
S
(iv) for no xS∈ X does N ⊆ R(x) ⊂ X hold;
(v) X = R( N ).
A self-constructing family F of continua is one that satisfies the following two axioms:
Self-Collection Ax.: (∀X ∈ L(F))(X ∈ F ⇐⇒ (∃N ⊆ F)(N self-collects into X));
Foundation Ax.: (∀X ∈ F)(∀x ∈ X)(∃Y ∈ F)
(x ∈ Y ⊆ X and (∀Z ∈ F)(Z ⊂ Y ⇒ x 6∈ Z)).

2.2

The F(B, χ, G) recipe for sets of continua

As in [6], our search for self-constructing families focuses on candidates that are obtained
by forcing over L (the constructible universe of sets) and consist entirely of singly-generated
continua. All such candidates have the form F(B, χ, G) to be defined presently.
B will always mean some complete atomless boolean algebra that exists in L and is
countably completely generated (i.e. is a countably-completely-generated subalgebra of
itself, as this is defined just below). B + denotes B without its least element 0.
C ⊆ B is a (boolean) subalgebra of B if C is has the same greatest and least members
(0 and 1) as B, and satisfies the boolean axioms with the operations ∧, ∨, ¬ inherited
from B. Such a C is a complete subalgebra of B if it is complete, i.e. each of C’s subsets
has a greatest lower bound and least upper bound in C, and if furthermore these bounds
are the same whether calculated in C or B. If, in addition, C has a countable subset X
such that the smallest complete subalgebra of B that includes X is C itself, we call C a
countably-completely-generated subalgebra of B.
CSAs(B) is the set of countably-completely-generated subalgebras of B that exist in L.
ACSAs(B) ⊆ CSAs(B) is the set of atomless algebras in CSAs(B).
G is an ultrafilter on B that is generic over L (meaning that G has nonempty intersection
with every order-dense subset of B + that exists in L).
We now define our general recipe for a family F of singly-generated continua,
F(B, χ, G) ≡ {R(G ∩ C) : C ∈ CSAs(B) and χ(C) ∈ G},
where χ is a “boolean characteristic function” χ : CSAs(B) → B that determines the
conditions under which a subalgebra C will contribute a member R(G ∩ C) to the family.
If D ⊂ C is a proper inclusion of subalgebras in CSAs(B), the continuum R(G ∩ D)
generated by G∩D need not be a proper subset of R(G∩C). As shown in [6], the condition
under which it is guaranteed (with boolean value 1) to be a proper subset is this:
(¬∃e ∈ C + )(∀c ∈ C)(∃d ∈ D)(c ∧ e = d ∧ e).
If this condition obtains we will call D ⊂ C a guaranteed-forcing-distinct inclusion. We
will also apply this terminology when C and D are known to be bounded lattices but not
necessarily boolean algebras.
4
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RIST, RIST-B, and simple subfactors

AQFT, algebraic quantum field theory, is a mathematically clean and rigorous framework
for formalizing (at least some) relativistic quantum systems; its fundamental object is a
map from nested regions of spacetime to correspondingly nested von Neumann algebras
that represent quantum observables within those regions. We do not assume familiarity
with AQFT, but our starting point will be a one-axiom variant of it called RIST, for
“rigidly-included subalgebra theory.” See [1] for an introduction to AQFT. We will cite [3]
as a reference for von Neumann algebras, with which we do assume familiarity.
As its name implies, RIST is most notably distinguished from true AQFT’s by the
rigidity of the inclusions of its von Neumann algebras; we now define this notion, which
will be fundamental to us.
Definition of rigid inclusions. If A ⊆ B is an inclusion of sets on which some relations are
defined, we call the inclusion rigid with respect to those relations if the only automorphism
of B that preserves those relations, while leaving all A-members fixed, is the identity map.
We will generally specify the structure with respect to which an inclusion is rigid by writing,
e.g., rigid lattice inclusion or rigid *-algebra inclusion.
What our F(B, χ, G) recipe needs is a nested system not of von Neumann algebras but
of boolean algebras; we intend to provide such a system in the form a “RIST-B” model, a
model of an axiom closely analogous to the RIST axiom but phrased in terms of boolean
algebras. (In Section 6 we will show, under the assumption of a certain conjecture about
subfactor inclusions, how to transform a RIST model into a RIST-B model.)
Definitions used by RIST.
H is a complex Hilbert space of countably infinite dimension.
M is a (1 + n)-dimensional Minkowski space, n ≥ 0.
The relation ≤ on M × M is the usual temporal/causal ordering: for points x =
(x0 , . . . , xn ) and y = (y0 , . . . , yn ) in M , x ≤ y holds if and only if x0 ≤ y0 and (in the n > 0
cases) (y0 − x0 )2 ≤ (y1 − x1 )2 + . . . + (yn − xn )2 .
The full past cone of x ∈ M is {y ∈ M : y ≤ x}. The open past cone of x is the
topological interior of its full past cone, or, in relativistic terms, the set of points in that
cone that are in the timelike (as opposed to lightlike) past of x. Future cones are defined
likewise with the ordering reversed.
M  is the double cone in M that is the intersection of (0, . . . , 0)’s open future cone with
(1, 0, . . . , 0)’s full past cone.
For x ∈ M  , Ox denotes the intersection of M  with x’s open past cone.
As in AQFT, the fundamental object is a map O 7→ R(O) from open bounded regions of
M to von Neumann algebras acting on H, but in RIST the domain of this map is restricted
to the double-cone regions Ox of points x ∈ M  .
We recall some terminology for properties of a von Neumann algebra R. R is a factor
if its center (the set of all T ∈ R such that T commutes with every operator in R) is trivial
(consists of multiples of the identity operator). A factor R is type In if it is *-isomorphic
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to the algebra Mn (C) of n × n matrices; it is type III if all non-null projections P, Q ∈ R
are Murray-von-Neumann-equivalent, meaning there exists a partial isometry V ∈ R such
that V ∗ V = P and V V ∗ = Q. R is almost-finite-dimensional or A.F.D. if it is the closure
in the strong operator topology of the union of some sequence R1 ⊆ R2 ⊆ R3 ⊆ . . . of
subalgebras where each Rn is a factor of type In .
The RIST Axiom: For all x < y ∈ M  , R(Ox ) ⊂ R(Oy ) is a rigid *-algebraic inclusion
of (distinct) A.F.D. type III von Neumann factors acting on H.
The RIST-B Axiom: For all x < y ∈ M  , Bx ⊂ By is a rigid complete guaranteedforcing-distinct boolean inclusion of countably-completely-generated boolean algebras.
Simple subfactors
The only examples of rigidly included von Neumann algebras that we are aware of are
simple subfactors, which were introduced by R. Longo in [4]. They are based (as is much of
AQFT) in the Tomita-Takesaki modular theory, for a full treatment of which see Chapter
9 of [3]. Let M be a von Neumann factor acting on Hilbert space H, with separating and
cyclic vector ξ ∈ H; let J be the modular conjugation of M with respect to ξ; let R be
a subfactor of M ; then R is called a simple subfactor of M if the von Neumann algebra
(R ∪ JRJ)00 generated by the union of R and JRJ is the whole algebra B(H) of bounded
operators on H. Note that the choice of ξ relative to which J is defined does not affect
whether this condition holds.

4

Models of RIST

The method we present here of obtaining a RIST model works as follows: start with a
certain AQFT model defined on a Minkowski space M , consider the von Neumann algebras
A(Op ) that this model assigns to the open-double-cone regions Op for p ∈ M  (as defined in
Section 3 above), and obtain each such algebra’s infinite self-free-product, which we denote
by R(Op ), using the free product technique (due mainly to D. Voiculescu) as applied by
R. Longo, Y. Tanimoto, and Y. Ueda in [5].1 We will prove that in our case the set of all
R(Op )’s satsfies the RIST axiom.
A second and potentially simpler way of transforming the algebras A(Op ), using the
method from R. Longo’s original paper [4] on simple subfactors, is relegated to an appendix
(Section 8) because we have not been able to verify that it succeeds.
We begin with the definitions of the basic AQFT structure from Section 3 of [5].
[This section is not complete.]
1

The basic idea for method was suggested to the author by R. Longo in e-mail correspondence.
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5

Boolean completions of projection lattices

In this section we define the boolean completion BR of a von Neumann algebra R’s projection lattice PR ; for von Neumann algebra inclusions R ⊂ S, we state the conditions under
which BR completely embeds into BS in a natural way; and for rigid *-algebraic inclusions
R ⊂ S, we state the further condition under which BR ’s image under this natural embedding is rigidly included in BS . These completions and embeddings will be the main tools
in Section 6’s plan to derive RIST-B models from RIST models. Most of the material in
this section is restated from [8], to which we refer for proofs of the main results.
When H is a Hilbert space we write B(H) for the von Neumann algebra of all bounded
linear operators on H. The set P(H) of all projections,
P(H) ≡ {P ∈ B(H) : P 2 = P ∗ = P },
is a complete bounded lattice with meet and join operations defined in the conventional
way: P ∧ Q is the projection onto the intersection of P ’s and Q’s ranges and P ∨ Q is
the projection onto the closed linear span of their ranges’ union. (In this lattice, 1 is the
identity operator and 0 the null operator.) When R ⊆ B(H) is a von Neumann algebra,
we write PR to mean its projection lattice P(H) ∩ R; it is a complete bounded sublattice
of P(H), as a consequence of the fact that a von Neumann algebra is closed in the strong
operator topology. We write P+
R to mean PR \ {0}.
Two elements P, Q of a bounded lattice are called disjoint if P ∧ Q = 0; and an element
P is called disjoint from a set of elements if it is disjoint from each of them individually.
Note that two projections P, Q are disjoint if and only if their ranges are disjoint aside
from the null vector, and this holds irrespective of the particular von Neumann algebra R
whose projection lattice PR we are considering P and Q to be members of.
A partition of an element P 6= 0 of a bounded lattice is a maximal pairwise-disjoint
subset of the nonzero elements ≤ P .
Definitions of [P ]S and the boolean completion BS . When S is a von Neumann
+
algebra and P ∈ P+
S , we write [P ]S to mean P ’s downward closure in PS , i.e.
[P ]S ≡ {Q ∈ P+
S : Q ≤ P };
and we then define BS to be the boolean completion of P+
S realized as its regular open
algebra relative to the topology with basis {[P ]S : P ∈ P+
S }. For general facts about
obtaining boolean completions of posets this way — including the fact that the resulting
boolean algebras are always complete — see [2], Theorems 7.13 and 14.10. Concretely, BS
is the set of all subsets X ⊆ P+
S that satisfy
+
0
(∀Q ∈ P+
S )(Q ∈ X ⇐⇒ no Q ≤ Q in PS is disjoint from X),

and the boolean operations on BS are defined as follows:
X ∧Y ≡X ∩Y;
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(†)

¬X ≡ {P ∈ P+
S : P is disjoint from X}.
X ∨ Y ≡ ¬(¬X ∧ ¬Y ).
The boolean ordering ≤ is defined as always by X ≤ Y ⇐⇒ X ∧ Y = X, and in BS this is
equivalent to X ⊆ Y . Note that the mapping P 7→ [P ]S is not a lattice embedding because
[P ∨Q]S does not equal [P ]S ∨[Q]S unless P ≤ Q or Q ≤ P . However, [P ∧Q]S = [P ]S ∧[Q]S
always holds, and basis elements [P ]S are dense in BS+ in the sense relevant to forcing, i.e.,
for all X ∈ BS+ there exists P ∈ P+
S such that [P ]S ≤ X.
Boolean embeddings corresponding to von-Neumann-algebra inclusions
When R is a von Neumann subalgebra of S, the inclusion map from PR into PS is a
complete lattice embedding. We consider here whether the map [P ]R 7→ [P ]S , defined for
P ∈ P+
R , extends to a boolean embedding of BR into BS , meaning a map φ : BR → BS such
that the following hold for all X and Y :
φ([1]R ) = [1]S
φ([0]R ) = [0]S
φ(¬X) = ¬(φX)
φ(X ∨ Y ) = φ(X) ∨ φ(Y )
φ(X ∧ Y ) = φ(X) ∧ φ(Y ).

(1)
(2)
(3)
(4)
(5)

If in addition BR and BS are complete boolean algebras and we have the generalizations
of (4) and (5) for all subsets Ω ⊆ BR , i.e.
^
^
_
_
φ(X),
(6)
φ(X),
φ( Ω) =
φ( Ω) =
X∈Ω

X∈Ω

then we call φ a complete boolean embedding. It is not difficult to show that if any complete
boolean embedding φ : BR → BS extends [P ]R 7→ [P ]S exists, it must be
^
φ : X 7→ {Y ∈ BS : X ⊆ Y }.
Whether this φ is a complete boolean embedding depends on whether the following condition is met:
+
The Complete Embedding Condition: For all P ∈ P+
R , every partition of P in PR
+
is also a partition of P in PS .

Lemma 5.1 If R ⊆ S are von Neumann algebras, then φ is a complete boolean embedding
BR → BS if and only if R ⊆ S meets the Complete Embedding Condition.
This is shown in [8]. 
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Let BR⊆S denote BR ’s image under φ. Assuming the Complete Embedding Condition
holds and that R ⊆ S is a rigid *-algebraic inclusion of type III factors, the following
condition determines whether BR⊆S will be a rigid boolean subalgebra of BS .
The Rigidity Condition: If there is a nontrivial boolean automorphism of BS that
leaves each BR⊆S -member fixed then there is a nontrivial lattice automorphism of PS that
leaves each PR -member fixed.
Lemma 5.2 If R ⊆ S is a rigid *-algebraic inclusion of type III von Neumann factors for
which the Complete Embedding Condition holds, then BR⊆S is a rigid boolean subalgebra of
BS if and only if the Rigidity Condition holds.
This too is shown in [8]. 
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The RIST-to-RIST-B recipe

In this section we propose a way of deriving RIST-B models from RIST models, and isolate
the conjecture on which its success depends. Our main tools will be the those just defined
in Section 5: the boolean completions BR and BS and the mapping φ : BR → BS whose
image we denoted BR⊆S .
The RIST-to-RIST-B conjecture: For every inclusion Rx ⊂ Ry of distinct members
of a RIST model, Rx ⊂ Ry meets the Complete Embedding Condition and the Rigidity
Condition (defined in Section 5).
The RIST-to-RIST-B recipe: Relative to a given RIST model {Rx : x ∈ M  }, let
Bx denote, for x ∈ M  , the algebra BRx ⊆R(1,0,...,0) ; we then define the system of boolean
algebras derived from {Rx : x ∈ M  } to be {Bx : x ∈ M  }. Our goal in this section is to
prove the following.
Lemma 6.1 Suppose the RIST-to-RIST-B conjecture holds; if {Rx : x ∈ M  } is a RIST
model, and x ≤ y ≤ (1, 0, . . . , 0) are points in M  , and φ is the canonical mapping BRx →
BRy defined above, and φ0 is the canonical embedding BRy → BR(1,0,...,0) ; then φ and φ0
are both complete boolean embeddings, and φ0 [φ[BRx ]] = Bx , and Bx is a complete rigid
subalgebra of By .
The fact that φ and φ0 are complete boolean embeddings follows from the RIST-to-RIST-B
conjecture and Lemma 5.1. Because φ is a complete boolean embedding, φ[BRx ] (which
we have earlier denoted BRx ⊆Ry ) is a complete subalgebra of BRy . It also follows from
the conjecture and Lemma 5.2 that this inclusion is rigid. The completeness and rigidity
of this inclusion are preserved by φ0 because φ0 is a complete boolean isomorphism of
BRy onto By (as By is defined in the RIST-to-RIST-B recipe); i.e. the image of φ[BRx ]
under φ0 is a complete rigid subalgebra of By . Finally, it is straightforward to verify that
φ0 [φ[BRx ]] = Bx . 
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Theorem 6.2 If the RIST-to-RIST-B conjecture holds and {Rx : x ∈ M  } is a RIST
model, then the system {Bx : x ∈ M  } of boolean algebras derived from it is a RIST-B
model.
Fix an arbitrary RIST model and arbitrary x < y ∈ M  ; we must show that Bx ⊆ By
(defined as in the RIST-to-RIST-B recipe above) satisfies the requirements of the RIST-B
axiom. By Lemma 6.1, Bx is a rigid complete subalgebra of By . It remains to show that
Bx and By are countably completely generated, and that Bx ⊆ By is a guaranteed-forcingdistinct inclusion. We will dedicate a separate subsection to each of these tasks.

6.1

The guaranteed-forcing-distinct requirement

In this subsection we establish, towards the proof of Theorem 6.2, that if Rx ⊂ Ry are
arbitrary distinct members of a RIST model, then the derived boolean algebras Bx ⊆ By
are guaranteed-forcing-distinct. (We have already verified that Bx ⊆ By is a rigid complete
boolean inclusion.) Recall that Bx being “guaranteed-forcing-distinct” from By means
(¬∃e ∈ By+ )(∀c ∈ By+ )(∃d ∈ Bx )(c ∧ e = d ∧ e).
Observe that the mapping φ0 defined in Lemma 6.1 is, by that Lemma, a complete
boolean isomorphism of BRy onto By , and φ−1 [Bx ] = BRx ⊆Ry . Thus Bx ⊆ By is a
guaranteed-forcing-distinct inclusion if and only if BRx ⊆Ry ⊆ BRy is. To simplify notation we will use, for the duration of this subsection, R to mean Rx and S to mean Ry .
Therefore it will suffice, to achieve this subsection’s goal, to show that BR⊆S ⊆ BS is a
guaranteed-forcing-distinct inclusion, from the supposition that R ⊆ S is a rigid inclusion
of distinct type III factors (which follows from the RIST axiom).
Lemma 6.3 If R ⊂ S are distinct type III factors then there does not exist P ∈ P+
S such
+
that every Q ∈ P+
satisfying
Q
≤
P
also
belongs
to
P
.
S
R
Suppose such a P existed. Since P ∈ P+
R and R is a type III factor (so that all its
projections are Murray-von-Neumann-equivalent), there exists a partial isometry V ∈ R
such that V ∗ V = P and V V ∗ = 1. This V induces a *-isomorphism Q 7→ V QV ∗ from the
corner algebra P SP onto all of S, whose restriction to P RP maps it onto all of R. Hence
we would have R = S, contradicting their supposed distinctness. 
Lemma 6.4 If R ⊂ S are distinct type III factors then within P+
S we have:
(∀Q)(∃P ≤ Q)(∀P 0 ≤ P )(P 0 6∈ P+
R ).
Suppose Q is a counterexample to this. For every Q0 ≤ Q in P+
S , define
_
γ(Q0 ) ≡ {Q00 ∈ PR : Q00 ≤ Q0 }.
Note γ(Q0 ) ∈ PR . If for all Q0 we had γ(Q0 ) = Q, then Q would violate Lemma 6.3. Thus
there exists Q0 with γ(Q0 ) < Q0 . Consider the projection Q0 − γ(Q0 ) ∈ P+
S ; plainly no
+
00
0
0
0
0
Q ∈ PR is ≤ (Q − γ(Q )). But then Q − γ(Q ) qualifies to be a P for our Q as in the
lemma’s statement; this contradicts our supposition that Q was a counterexample. 
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Lemma 6.5 Suppose R ⊆ S are distinct type III factors such that BR⊆S is not a guaranteedforcing-distinct subalgebra of BS . Then there exists O ∈ P+
S such that:
(a) 0 is the only member of PR that is ≤ O;
(b) 1 is the only member of PR that is ≥ O;
(c) for all Q ≤ O in PS there exists P ∈ PR such that Q = O ∧ P .
Since we are supposing that BR⊆S fails to be a guaranteed-forcing-distinct subalgebra of
BS , there exists e ∈ BS+ that witnesses this failure, i.e. such that
(∀c ∈ BS+ )(∃d ∈ BR⊆S )(c ∧ e = d ∧ e).
Clearly such witnesses e form a downward-closed subset of BS+ . Moreover, since basis
elements (those of form [P ]S ) are dense in BS+ , there exists a witness [O]S . By Lemma 6.4,
we may choose O so that (a) holds.
It is straightforward to verify that for all Q ≤ O in P+
S , the d ∈ BR⊆S such that
d ∧ [O]S = [Q]S can be chosen to be of form [P ]S for some P ∈ PR . From this (c) follows.
(The straightforward verification runs as follows. Suppose d ∧ [O]S = [Q]S . Note that
+
d is the downward closure in P+
S of a set of projections in PR . Since [Q]S ≤ d, Q must
0
be ≤ P 0 ∧ O for at least one P 0 ∈ d ∩ P+
R . Let P be the infimum of all such P ; clearly
+
P ∈ d (by d’s downward-closure), and P ∈ PR (since the latter is a complete lattice), and
P ∧O ≥ Q. And we must have equality, because if the inequality were proper, then d∧[O]S
would be properly > [Q]S , which it is not.)
Now let P be the least projection in PR such that [P ]S ∧ [O]S = [O]S ; equivalently, the
least such that O ≤ P . Since R is a type III factor, there exists a partial isometry V ∈ R
whose initial projection is P and whose final projection is 1; it induces a *-isomorphism φ
of the corner algebra P SP onto all of S, whose restriction to P RP maps it onto all of R.
It is now straightforward to verify that (a), (b), and (c) hold for φ(O). 
Lemma 6.6 The projection O from Lemma 6.5 commutes with R, i.e. O ∈ R0 .
Fix R ⊆ S and O. It suffices to show that O commutes with all projections in R (consider
that every T ∈ R equals A + iB for some self-adjoint A, B ∈ R, and that by the spectral
theorem for von Neumann algebras, every self-adjoint operator is the norm limit of a
sequence of finite linear combinations of projections in the algebra.)
For O0 ≤ O in P+
S , define
^
π(O0 ) ≡ {P ∈ PR : O ∧ P = O0 }.
Then π(O0 ) is the least P ∈ PR satisfying O ∧ P = O0 . We will now show that π(O0 )O =
Oπ(O0 ). Suppose there is a counterexample O0 , and let P denote π(O0 ). For projections
X we will use the notation X ⊥ to mean 1 − X, and X̃ to mean X − (X ∧ O) − (X ∧ O⊥ ).
We then have the orthogonal decompositions
P = (P ∧ O) ∨ (P ∧ O⊥ ) ∨ P̃ ,
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P ⊥ = (P ⊥ ∧ O) ∨ (P ⊥ ∧ O⊥ ) ∨ P˜⊥ .
Note P̃ cannot be null lest P commute with O. We aim to show (P ∧ O) ∨ (P ∧ O⊥ ) ∈ PR ,
contradicting P ’s leastness as a projection in PR whose meet with O is O0 . This is essentially
an exercise in the geometry of two noncommuting subspaces of a Hilbert space.
By elementary Hilbert space geometry, P ’s failure to commute with O implies that
O ∧ P and O ∧ P ⊥ will not span O. Thus O − (O ∧ P ) − (O ∧ P ⊥ ) will be non-null, and
by hypothesis will equal O ∧ Q for some Q ∈ P+
R.
Now consider P ∧ (P ⊥ ∨ Q), which belongs to R. We claim that it is ≥ P̃ but disjoint
from (P ∧ O). To see this write P ⊥ ∨ Q in an expanded form:
P ⊥ ∨ Q = (P˜⊥ ∨ (P ⊥ ∧ O) ∨ (P ⊥ ∧ O⊥ )) ∨ ((Q ∧ O⊥ ) ∨ (Q ∧ O) ∨ Q̃).

(7)

Verify that P̃ ∨ P˜⊥ is identical to P˜⊥ ∨ (Q ∧ O) [VERIFY THIS] ... The first claim
would follow.
For the second claim, note that every term on the right side of (7) is orthogonal to
P ∧ O except possibly Q̃. It follows that P ∧ O will meet the projection (7) if and only if
it meets Q̃. But it does not, since Q̃ is disjoint from O.
From these two claims it follows that A ≡ P − (P ∧ (P ⊥ ∨ Q)) is a projection in PR
such that A ∧ O = O0 , and A commutes with O.
[THERE IS A GAP IN THE PROOF HERE. We have shown that for every O0 ≤ O in
PS there exists P ∈ PR such that P ∧ O = O0 and P commutes with O; but we haven’t yet
ruled out OTHER P ’s in P ∈ PR that fail to commute with O. My guess is that a fuller
analysis of the geometry of the situation will fill this gap.]
...

Lemma 6.7 BR⊆S is a guaranteed-forcing-distinct subalgebra of BS
Suppose otherwise. Lemmas 6.5 and 6.6 would ensure the existence of a projection O ∈
S ∩ R0 other than 0 and 1. There would then also exist a nontrivial unitary operator
U ∈ S ∩ R0 ; for example, let U be exp iO, where
exp iO =

∞
X
(iO)n
n=0

n!

.

Such a U would violate the rigidity of the inclusion R ⊂ S required by the RIST axiom:
the *-automorphism T 7→ U T U ∗ is nontrivial on S, but its restriction to R is trivial. 

6.2

The countably-completely-generated requirement

Our proof that BR⊆S is countably completely generated as a subalgebra of BS relies on
the fact, established in [7], that a generic filter on a von Neumann algebra’s projection
lattice induces (in certain cases) a generic normal state on that algebra with which it is
canonically interdefinable. To the extent that a more direct proof exists, we apologize for
not having recognized it.
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Lemma 6.8 A normal state φ on an A.F.D. (approximately finite-dimensional) von Neumann algebra R is interconstructible with a real number.
R’s being A.F.D. means there is an increasing
S sequence N1 ⊆ N2 ⊆ . . . of finite-dimensional
type I factors such that R is the closure of i>0 Ni in the strong operator topology. Since
a type In factor is isomorphic to the algebra Mn (C) of n-by-n matrices, it has a countable
norm-dense subset (consider the set of matrices whose entries are rational in both their real
and imaginary parts). Since a countable
S set of countable sets is countable, there then exists
a countable norm-dense subset X of i>0 Ni . Since X is countable and φ is a complexvalued function, φ’s restriction to X can be encoded as a single real number with the usual
kind
S of digit-interleaving method. Since states are norm-continuous and X is norm-dense
in i>0 Ni , φ’s values on the former determine all its values on the latter. Finally since φ
is
S a normal state, it is continuous in the strong operator topology too; and so its values on
i>0 Ni , which is s.o.t.-dense in R, determine its values on all of R. 
Lemma 6.9 Assuming BR⊆S is a complete subalgebra of BS , it is a countably-completelygenerated subalgebra thereof.
Assume BR⊆S is a complete subalgebra of BS (which is the case if the RIST-to-RIST-B
conjecture holds, by Lemma 5.1). Let Ġ be the canonical forcing name for the generic filter
on BS . BR⊆S is a countably-completely-generated subalgebra of BS if and only if there is
a name Ẋ in BS ’s forcing language such that
1

Ẋ ⊆ ω and Ẋ is interconstructible with Ġ ∩ BR⊆S ;

(?)

if this holds then BR⊆S is completely generated by {kn ∈ Ẋk : n ∈ ω}.
+
{[P ]S : P ∈ P+
R } is dense in BR⊆S ; thus a generic ultrafilter on BR⊆S is interdefinable
+
with a generic filter on PR . Now by the main result of [7], a generic filter on P+
R is
interconstructible in a canonical way with a generic normal state φ on R. By Lemma 6.8,
φ is in turn interconstructible with a real number X. Thus the canonical name Ẋ for this
real number will satisfy (?). 

6.3

Proof of Theorem 6.2

It now remains only to affirm that all clauses of the RIST-B axiom have been checked for
the inclusion BR⊆S , in accordance with the plan set just after the Theorem’s statement. 

7

Boolean algebras in RIST-B models are suitable for
F(B, χ, G)

We show that every member algebra Bx of a RIST-B model avoids the two problems
identified in [6] that would, if either obtained, prevent F(B, χ, G) from satisfying the SelfCollection Axiom (regardless of χ and G). Let us affirm first of all that any member Bx of
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a RIST-B model qualifies for use in the F(B, χ, G) recipe, since it is immediate from the
RIST-B axiom that Bx is an atomless, complete, countably-completely-generated boolean
algebra.

7.1

The bounded-predecessors problem

We recall the F(B, χ, G) recipe from Section 2. If χ(C) ∈ G then by definition R(G ∩ C) ∈
F(B, χ, G), and we define the set of R(G ∩ C)’s predecessors in F(B, χ, G) to be
{X ∈ F(B, χ, G) : X ⊂ R(G ∩ C)}.
We say the pair (B, χ) has the bounded-predecessors property if there exist b ∈ B +
and C ∈ ACSAs(B) such that b ≤ χ(C) and b forces R(G ∩ C) to have either a greatest
predecessor (under the inclusion ordering) or no predecessors. We say B itself has the
bounded-predecessors property, if the pair (B, χ) has it for every χ that maps some C ∈
ACSAs(B) to some b > 0.
If B has the bounded-predecessors property then, for any nontrivial χ (i.e. any χ that
maps some C ∈ ACSAs(B) to some b > 0), each b ∈ B + that witnesses the boundedpredecessors property for (B, χ) forces the Self-Collection axiom to be violated. Proof:
b ≤ χ(C) by definition means that b forces R(G ∩ C) ∈ F(B, χ, G), and since C belongs
to ACSAs(B) it is atomless so that R(G ∩ C) is strictly larger than R(∅); b also forces
R(G ∩ C) to have either no predecessors, in which case let x be an arbitrary constructible
real number, or else a greatest predecessor, which must be of form R(x) for some real x
(since every member of F(B, χ, G) is singly-generated). Now for the Self-Collection axiom
to hold with X set to R(G ∩ C), some subset N of this X’s predecessors would have to
self-collect into X, but in either case (either no predecessors or greatest predecessor), we
would have
[
N ⊆ R(x) ⊂ R(G ∩ C),
violating clause (iv) of the definition of self-collection.
Lemma 7.1 No algebra Bx in a RIST-B model has the bounded-predecessors property.
Let {Bx : x ∈ M  } be a RIST-B model, and fix an arbitrary point x ∈ M  . It suffices
to find one χ such that the pair (Bx , χ) lacks the bounded-predecessors property. Define
χ : CSAs(Bx ) → Bx so that χ(By ) ≡ 1 for all y ∈ Ox (recall Ox is M  ’s intersection with
x’s open past cone) and χ(C) ≡ 0 for all other CSAs(Bx )-members. Then regardless of G’s
extension, we have
F(Bx , χ, G) = {R(By ∩ G) : y ∈ Ox }.
Because the RIST-B axiom requires for all y < y 0 that By , By0 be guaranteed-forcingdistinct, we have R(By ∩ G) ⊂ R(By0 ∩ G) (with proper inclusion) whenever y < y 0 . Thus
a F(Bx , χ, G) member always has form R(By ∩ G) for some y ∈ Ox , and the set of its
predecessors is
{R(By0 ∩ G) : y 0 ∈ Ox , y 0 < y}.
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Because Ox is densely ordered, and within Ox we have y 0 < y ⇒ R(By0 ∩ G) ⊂ R(By ∩ G),
R(By ∩ G) can have no greatest predecessor. 
The flexible-homogeneity problem
B is homogeneous if it is isomorphic to each of its principal ideals. B is ACSA-homogeneous
if it is isomorphic to every principal ideal of every C ∈ ACSAs(B). B is flexibly homogeneous
if:
(1) B is ACSA-homogeneous;
(2) there exists C ∈ ACSAs(B) that is guaranteed-forcing-distinct from B;2
(3) for each C satisfying (2), C ⊂ B is not a rigid boolean inclusion;
(4) each isomorphism between any C, C 0 satisfying (2) extends to an automorphism of
B.
If B is flexibly homogeneous then F(B, χ, G) cannot satisfy the self-construction axioms;
the proof of this given in [6] is long and we will not attempt to summarize it here.
Lemma 7.2 No algebra By in a RIST-B model is flexibly homogeneous.
Let By be an algebra in a given RIST-B model. Choose any x ∈ M  such that x < y; the
RIST-B axiom says explicitly that Bx is an atomless, guaranteed-forcing-distinct complete
subalgebra of By , and so satisfies clause (2) of flexible homogeneity; furthermore the axiom
says that the inclusion is rigid, so that it violates clause (3). 

8

Appendix: Potentially simpler models of RIST

The original paper [4] in which R. Longo introduced simple subfactors may provide a
simpler way to transform AQFT models into RIST models. The key idea is that for a
certain class of von Neumann subfactor inclusions R ⊂ S that occur frequently in AQFT,
there exist canonical subfactors N that are intermediate (i.e. R ⊂ N ⊂ S) such that N is
a simple, and therefore rigid, subfactor of S. The key question for our purposes is whether
isotony is preserved when we pass from the relevant R’s of a particular AQFT model to
the corresponding N ’s — whether, that is, an inclusion R1 ⊂ R2 entails N1 ⊂ N2 for the
corresponding rigid subfactors.
Definitions. Let A ⊂ B be an inclusion of factors. A ⊂ B is split if there exists a type
I factor N satisfying A ⊂ N ⊂ B. If Ω is a vector in the space on which A and B act, we
call Ω a standard vector for A ⊂ B, and call the triple (A, B, Ω) a standard inclusion, if
Ω is cyclic for A, B, and A0 ∩ B. (These structures, analyzed in the earlier paper [5], are
fundamental to [4].)
Fact 8.1 (see [4], Theorem 4.3) To any standard split inclusion (A, B, Ω) of infinite
factors there corresponds a canonical simple subfactor R of B satisfying A ⊂ R ⊂ B.
2

In the notation of [6], “there exists C satisfying 1
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C 6=G B”.

Note that A ⊆ R due to the way R is built up from a tower A ⊆ N1 ⊆ N2 ⊆ . . . of
intermediate factors, as shown in Proposition 4.12 of [4]. 
Definitions.
Let the map O 7→ A(O) be an RIST-amenable model [NEED TO DEFINE THIS] of
AQFT.
O 7→ A(O) satisfies the split-inclusion property if A(O1 ) ⊂ A(O2 ) is a split inclusion
(defined above) whenever O1 , O2 are open double-cone regions such that O1 ’s closure (in
the usual euclidean topology of M ) is contained in O2 .
Let M outer be a fixed arbitrary double-cone region of M such that M  ’s closure is
contained in M outer .
Let ξ ∈ H be a fixed vector such that for all p ∈ M  , (A(Op ), A(M outer ), ξ) is a standard
split inclusion of factors.
For p ∈ M  , let Rp denote the canonical simple subfactor of A(M outer ) provided by
Fact 8.1 for the inclusion (A(Op ), A(M outer ), ξ).
Theorem 8.2 If the function A(Op ) 7→ Rp with domain {A(Op ) : p ∈ M  } is one-to-one
and preserves isotony, then {Rp : p ∈ M  } is a model of RIST.
Proof: the only nontrivial thing to show is that if A ⊆ B ⊆ C are von Neumann factors
and A, B are both rigidly included in C, then A is rigidly included in B. Would follow if
every automorphism of B extended to an automorphism of C. 
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