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“Of a wholly new action ... which does not preexist its realization in any way, not even
in the form of pure possibility, [philosophers] seem to have had no inkling. Yet that is just
what free action is.” Here we have what may be the last genuinely new insight to date in
the eternal dispute over free will and determinism: Free will is the power, not to choose
among existing possibilities, but to consciously create new realities that did not subsist
beforehand even virtually or abstractly. Alas, the success of the book in which Henri
Bergson introduced this insight (Creative Evolution, 1907) was not enough to win it a
faithful constituency, and the insight was discarded in the 1930s as vague and unworkable.1
What prompts us to revive it now are advances in mathematics that allow the notion
of “newly created possibilities” to be formalized precisely. In this form Bergson’s insight
promises to resolve paradoxes not only of free will and determinism, but of the foundations
of mathematics and physics. For it shows that they arise from the same source: mistaken
belief in a “totality of all possibilities” that is fixed once and for all, that cannot grow over
time.
Bergson’s Paradox
Although it’s been recapitulated many times, many ways, let us begin by recapitulating
the dilemma of free will and determinism, in a particular form that we will call “Bergson’s
paradox.” (We so name it not because Bergson phrased it precisely the way that we will,
but because he phrased it in a similar enough way, and supplied the insight that we expect
will resolve it.) In this form it would be more accurate to call it a dilemma of free will
and any rigorous scientific theory of the world, for although scientists today are happy to
give up hard determinism for quantum randomness, the theories that result are no less
vulnerable to this version of the paradox.
Bergson’s paradox begins with two observations about mathematics. First, mathematics
is timeless: Euclidean triangles’ interior angles have always summed to 180 degrees, and
always will; nineteen has always been prime, and is in no danger of becoming composite.
Second, mathematics is what delineates the way stuff moves around. Whether “stuff”
ultimately cashes out to waves, particles, and/or something else, the way that it moves
around in our world is one mathematically possible way among others. Each distinct way
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that all stuff might move around is called a “possible world” or a four-dimensional “block
universe” (we will use the terms interchangeably) having a time dimension in addition to
length, width, and height. Now our two initial observations make it legitimate, though
not necessarily advisable, to imagine the ensemble of all mathematically possible worlds.
Bergson, given the technology of his time, pictured them as film reels; today we might
imagine a storeroom full of digital memory chips, each encoding one block universe. We
will call this totality of all possible block universes the “Framework” of Bergson’s paradox.
The paradox then arises as the apparent contradiction between, on the one hand, this
Framework’s possible worlds sitting on shelves, and on the other hand, our immediate
sense of free will, of our ability to influence the future, of responsibility and agency as we
live our lives.
Let us briefly spell out the contradiction. The Framework would identify our lives with
swaths of bits in one memory chip. Somehow we (these swaths of bits) experience the
sequence of states encoded in the chip as evolving over time. But seen from “outside,”
from the perspective of someone contemplating the storeroom of memory chips, our chip
is just sitting inertly on a shelf like all the others. Bergson himself put it this way:
[If we accept a block-universe-like framework] we will indeed get a universe
whose successive states are theoretically calculable in advance, like juxtaposed
images on a film reel before it unwinds. But in that case, what good is the
unwinding? Why does reality deploy itself this way? Why couldn’t it decline
to be deployed? What good is time? ([1], p. 101)
Time makes no sense in this Framework — it is ultimately just another static axis on which
events are plotted, no different from the spatial axes. Personal freedom and agency are
also nonsensical here. It would be crazy to suggest that bits encoded in one inert memory
chip are even partly responsible for causing the distribution of the bits therein; it would
be like saying that seven’s being a prime factor of forty-two “causes” three to be another.
Equally crazy would be the suggestion that some bits cause their block universe to become
the real universe, as if a memory chip’s contents could make it hop up and plug itself
into some metaphysical computer, transforming it from a merely-theoretical universe into
an actually-existing one. Needless to say, there is a whole ecosystem of objections and
rejoinders to what we’ve just described; to those who have not already spent much time
wading through it, the works of G. Strawson and D. Dennett are particularly worthy of
recommendation. All we wish to insist on now is that what we’ve described is at least a
prima facie paradox.
The paradox’s abstract form
Let us abstract the form that Bergson’s paradox shares with many other paradoxes. There
is a Good Thing (in the present case, free will) that we understand intuitively to exist;
and there is a Framework that seems to correctly capture the system in which the Good
Thing resides; but the Good Thing can be shown, at least to the extent we can define our
intuitive understanding of it, not to exist in the Framework; so we are left with three basic
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options: (1) abjure the Good Thing, (2) claim that what we really must have meant by
the Good Thing all along is some weaker, paler thing that does exist in the Framework, or
(3) deny that the Framework correctly captures the system after all.
Obviously many factors, varying from paradox to paradox, will influence which option
we prefer — like how wedded we are to the Good Thing’s existence, how sure we are that the
Framework correctly captures the system, and how closely the weak pale thing approximates
the Good Thing. The factor we wish to highlight here is the existence or nonexistence of
a compelling alternative Framework. To see this factor’s importance, let us cast the case
of the Michelson-Morley experiment into this abstract form. The Framework here is the
triumphant Newtonian/Maxwellian physics of the 19th century. The Good Thing is the
invariance of the speed of light relative to all observers. Of course, this invariance is good
in a rather different way than we consider free will to be good: we presumably have no
personal stake in the speed of light, but it would be nice if our sciences incorporated its
invariance, since the beautiful experiment of Michelson and Morley proves that it does
obtain. In fact the experiment is so convincing, and the proof of its incompatibility with
the Framework is so immediate, boiling down as it does to the observation that c + 1 = c
cannot be true, that we would like to choose option (3) and scrap the Framework.
Our point here is that, however ardently we might deny that a Framework captures its
system, our minds will naturally drift back to it if there is no good alternative. In 1887
there was no alternative to the kinematics of Galileo and Newton; they underlay all of
science and no one had concocted a way to escape them. It was only in 1905, after Lorentz
and Poincaré had undertaken the difficult work of looking for a way and Einstein had fit
all the pieces together into special relativity, that a fully acceptable alternative framework
emerged.
Alternatives to the block-universe Framework?
Has anyone pieced together a compelling alternative, in the case of Bergson’s paradox,
to the block-universe Framework? Bergson certainly thought so: he intended his whole
oeuvre to constitute an alternative. The hitch is that, as we said, the paradox at issue is
the incompatibility of free will and any rigorous scientific theory of the world, and whatever
merits Bergson’s oeuvre might have, it does not ultimately amount to a rigorous scientific
theory. We claim that no one else has developed such an alternative theory either, and
that if we want an alternative, we must build one more or less from scratch. There follows
a brief substantiation of this claim.
The possible-worlds/block-universe Framework was first laid out explicitly, or at least
first came to prominence, in certain works of Leibniz in the early 18th century. But for the
remainder of that century, and for the whole of the 19th, it was rarely invoked directly. This
was partly because Leibniz’s claim that ours is the best possible world had been mocked and
discredited right off the bat, and partly because scientific progress seemed to be proving our
world fully deterministic, rendering the contemplation of alternate worlds somewhat beside
the point. The situation changed in the early 20th century. The quantum revolution put
an end to hard determinism, and the rise of logical positivism and logical atomism brought
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Leibniz’s philosophical approaches back to prominence in a more systematic form. (Think
for example of the Tractatus Logico-Philosophicus: the world is the totality of facts here, so
there is no reason there couldn’t be an alternative fact-totality there, constituting another
possible world.) All in all the early 20th century was a high point for the popularity of the
possible worlds Framework.
By the end of the century, though, logical positivism/atomism was conceded, at least in
anglophone philosophy departments, to have been discredited (if not by Bergson, then by
Late Wittgenstein, Quine, and so on). We might guess then that some other philosophical
opus or corpus worthy of the name “Framework” took its place in these departments
at some point during the century. But for the most part we find modest variants of
holism, naturalism, and pragmatism, rather than any ambitious attempt to systematize our
understanding of the world’s innermost workings along new lines. Moreover, the arguments
against logical positivism/atomism tended to aim at its linguistic and epistemological side
rather than its ontological side. For instance, the reductionism that Quine’s “Two dogmas
of empiricism” attacks is not so much the world ’s reduction to primitive elements standing
in mathematical relations to each other, as language’s reduction to primitive sense-data
statements standing in logical relations to each other. Certainly there were intellectual
currents pushing against former kind of reductionism too, but other currents have kept the
possible-worlds Framework afloat in the philosophy departments, notably semantic theories
that account for possibility and necessity in terms of possible worlds, and the influence of
the Princeton professor David Lewis’s On The Plurality of Worlds. The result is that talk
of possible worlds is now a common shorthand in philosophy, a convenient and universally
understood way of encapsulating and exchanging ideas. Whether or not any particular
version of the block-universe Framework enjoys a constituency large and important enough
for it to be called a “major school of thought” today, the Framework has wound up as a
standard background to philosophical discussion, especially in the philosophy of science.
To take one example, here is L. Ruetsche’s Interpreting Quantum Theories:
“The content of a [scientific] theory is given by the set of [possible] worlds of
which that theory is true.” This idea is sufficiently deep-seated and widespread
that I’ve called it the standard account. (p. 6)
And here for good measure is a tweet from the currently regnant physics popularizer B.
Greene, replying to the question “I gather you are a full-fledged believer in the Block
Universe Theory???”:
If you properly update the classical image of a block universe to include quantum
mechanics, then yes. More precisely, with our current level of understanding,
the universe—whether classical or quantum mechanical—appears to be deterministic.
Weaker, paler free will
We have just seen that option (3) for dealing with Bergson’s paradox — namely, denying
that the block-universe Framework is a correct way to think about reality and possibility —
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is shut off until we can craft a compelling alternative Framework. Let us quickly consider
options (1) and (2) then. First, we might concede that free will is impossible, and that we
were foolish to think that the idea ever made sense. G. Strawson is a particularly cogent and
elegant spokesman for this option. Second, we might identify a weaker, paler form of free
will within the block-universe Framework and argue that this form must be what we were
hoping to secure and understand all along. D. Dennett is the spokesman to seek out here.
His Freedom Evolves explains free will as a particularly nifty form of determinism. We are
essentially robots, but really cool robots, robots whose programs have indeed reached such
heights of coolness that they instantiate what we must have meant by free will all along,
since there turns out not to be anything else that we could have meant by it, within the
evidently correct block-universe Framework.
Of course, there are plenty of recalcitrant dreamers who are satisfied with neither of
these options, who still pine for an alternative framework that allows more robust accounts
of awareness and of free will, but is at the same time respectably scientific. This paper’s
goal is to investigate one path toward such an alternative. Oddly, this path’s direction
was suggested by Leibniz, the architect of the very Framework from which our path is
meant as an escape route. Consider, though, that Leibniz was himself quite aware that
his Framework appeared incompatible with free will, to the preservation of which he was
philosophically and religiously committed. How did he himself attempt to resolve the
paradox? The answer, at least in certain of his works, is by invoking the infinite. “There
are two labyrinths of the human mind,” he wrote in one of these works; “one concerns the
composition of the continuum, and the other the nature of freedom, and they arise from
the same source, infinity.” Now Leibniz’s explanations of how infinity is supposed to resolve
the paradox are not especially clear or compelling (though far be it from us to discourage
anyone from reading more Leibniz) and we will not even sketch them here. Instead, we will
begin with the open-ended question of whether infinity, in some form or other, is a way out
of Bergson’s paradox.
Does infinity help?
In substantiating our claim that the block-universe Framework has had no compelling
alternative, we stuck intramurally to academia, but we should have remarked that the
main driver of its popularity in the 21st century has been something more concrete out in
the world: the relentless improvement of computer simulations. Each year our animators,
video-game designers, and virtual-reality wizards squeeze more pixels (or “voxels”, volume
elements) into every cubic yard they try to represent. Each year digital assistants become
more lifelike. By now even laypeople are inclined to ask: might computers eventually
match in complexity the world they are meant to model? Might there be a finite degree
of accuracy past which a simulation can have things like consciousness and feelings of free
will?
The answer is no; of course, this is hotly debated, but we will slink away from this
debate for now and pass to the question we are driving at: what if we let the degree of
accuracy attain actual infinity? What if, instead of a septillion or so floating-point numbers
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of eight bytes apiece, the memory chips in our Framework recorded literally infinitely many
honest-to-god real numbers? Might this forestall the “storeroom of memory chips” picture
and so forestall Bergson’s paradox?
We heartily agree with the sentiment here: a robust solution to Bergson’s paradox
should have something to do with infinity, bound up as it is with notions of endless increase and unboundedness. And again, Leibniz himself, the father of the possible-worlds
Framework, wrote repeatedly and explicitly that it is compatible with free will only because
it incorporates the infinite. But infinity is not often brought up today in arguments about
free will.2 To understand why not requires looking at two competing aspects of infinity,
and at how one of them has dominated the other over the past century or so. To illustrate
these aspects we present an ur -paradox of infinity which we call the “playground paradox”:
Alice: You’re stupid times ten!
Bob: You’re stupid times a million!
Alice: You’re stupid times infinity!
Bob: You’re stupid times infinity plus one!
Alice is marshalling here the all-encompassing (or static) aspect of infinity: she means
to saddle Bob with every possible quantum of stupidity, bar none. But Bob is able to
counter with infinity’s boundlessly-increasing (or dynamic) aspect, for once someone has
gestured at infinity as a fixed and isolated quantity, we stand outside of it, so to speak,
and can therefore imagine adding more to it.
It is Bob’s dynamic aspect of infinity rather than Alice’s static one that stands a chance
of disrupting the block-universe Framework and of enabling an alternative. If we apply only
the static all-encompassing aspect to the storeroom of memory chips, we end up with a
shelf that is infinitely long, and no longer fits into our field of vision. Indeed it would not
even fit into any finite-dimensional space, if it were of uncountable cardinality. This doesn’t
fundamentally change the situation, though; the possibilities are still given all at once and
each one seems as static as it did in the finite case.
Infinity’s boundlessly-increasing aspect, on the other hand, may change the situation
more radically. Recall that the possible-worlds Framework rested on two assumptions, one
of which was the eternally unchanging nature of mathematics. Philosophical arguments
often rely on this assumption implicitly because it is too obvious to warrant an explicit
declaration. But we made it explicit because the dynamic, boundlessly-increasing aspect
of infinity may be able to kick it out from under the Framework. Indeed, with this aspect
in mind, we find we cannot set up the picture of the storeroom from which the paradox
emerges in the first place. We take a mental snapshot of “infinity many memory chips”
but then realize that there are memory chips infinity-plus-one, infinity-plus-two, and so on.
We might then go on to muse: maybe we are actually living in the meta-world where our
2
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Of The Mind ) and so excludes the Bergsonian insight at the core of our own project.
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storeroom is set, a meta-world where genuinely new possibilities emerge across something
truly worthy of the name “time.” In fact the Bergsonian axioms for physics developed in
[2] and [3] are somewhat in this spirit. Before we get carried away here, though, we must
acknowledge that this has not been a popular escape route from Bergson’s and related
paradoxes, and ask why this is the case. The ultimate reason is that, for the last century
or so, mathematicians have subjugated the ever-increasing dynamic aspect of infinity to its
all-encompassing static one.
The static nature of Cantorian set theory
The question of how or whether infinity should be used in mathematics has always been (to
say no more than this) a vexed one. Leibniz’s invention of calculus resolved some aspects of
it, but by no means all of them. In particular he left the composition of the continuum (the
real number line) fuzzy. In the late 19th Century, Georg Cantor undertook an ambitious
project to clarify the question completely. His approach was grounded in the theory of sets;
and it was so successful that it remains the standard framework for infinitary mathematics
today.
The key idea in Cantor’s system is that the “sizes” of two sets X and Y can be compared
by asking whether X’s members can be put into one-to-one correspondence with a subset
of Y ’s, or vice-versa. If the former case holds, we write |X| ≤ |Y |; and if the vice-versa
case holds, |Y | ≤ |X|. Cantor used the symbol ℵ0 (“aleph-zero”) to denote the size, or
more precisely the cardinality, of the set of all natural numbers. Now it seems reasonable
that, given any set X, the set of all of X’s subsets (X’s “power set”) should exist, if only as
an abstract possibility. Cantor agreed, and famously proved with his “diagonal argument”
that the cardinality of X’s power set will always be greater than that of X itself. This
leads to a hierarchy of infinite cardinalities that begins with ℵ0 and extends to larger and
larger infinities ℵ1 , ℵ2 , . . . , ℵℵ0 , and so on.
Cantor defined a set to be “infinite” if it can be put into one-to-one correspondence with
one of its own proper subsets. Observe how static (we might almost say bloodless) this
definition is, compared to the informal everyday notion of infinity as something that keeps
going on forever. Within Cantor’s static hierarchy of cardinals, the playground paradox
gets no purchase. Going “to infinity and beyond” is now interpreted as “to some particular
infinite cardinal and beyond,” which is perfectly innocuous, as it now just means “to the
next largest infinite cardinal.” Consider that Alice seems to have been assuming that the
cardinality of the set of all possible quanta of stupidity is ℵ0 , the smallest infinite cardinal;
assuming she feels sufficiently confident of this, her riposte to Bob will be, “There is no
stupidity ‘infinity-plus-one’ because the countable enumeration I was implicitly positing is
exhaustive.” Checkmate!
Just so, in the case of Bergson’s paradox, a possible-worlds theorist can concoct an
argument that the cardinality of all possible worlds is some particular λ; if we venture to
ask “What about world λ + 1?”, the response is that there is no such world, since every
possible world has already been implicitly labeled with an ordinal number less than λ. Thus
the infinite provides no escape from Bergson’s paradox, assuming orthodox Cantorian set
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theory is the correct way to think about mathematics. And Cantorian set theory has
reigned triumphantly for a hundred years. It certainly had eminent detractors in its early
days (notably L. Kronecker) and there have been currents of thought such as “intuitionism”
that would restore at least some of infinity’s dynamic aspect. Today, though, it takes a fair
amount of quixotry to question Cantorian set theory. David Hilbert, defending the static
set-theoretic universe from its early opponents, famously said, “Out of the Paradise that
Cantor has constructed for us, no one shall be able to expel us.” Nearly a hundred years
on, this characterization is hard to argue with, at least if we admit the old Talking Heads
refrain: “Heaven is a place where nothing ever happens.”
Cantor’s paradox
The way that Cantorian set theories freeze infinity into a static structure seems to have
removed it as a possible escape route from the block-universe Framework. But might
Cantorian set theory itself be a Framework vulnerable to a paradox? Well, of course it
is: the famous paradoxes identified by Russell, Burali-Forti, and Cantor himself. The
Framework here is the mathematical universe of all pure sets. The Good Thing is the
comprehension principle — the principle that for any property we can define, there is a
set that comprehends all and only those things that have the property. Russell’s paradox
is the contradiction that results from considering the property “is a set that doesn’t have
itself as a member.” (One asks whether the set of all non-self-having sets has itself as a
member; if it does then by definition it doesn’t, and vice-versa.)
We will focus here on what is known as Cantor’s paradox, which is really just a more
learned version of the playground paradox. As we mentioned above, the cardinal numbers
are sets that form the backbone of Cantorian theory, comprising the natural numbers and a
hierarchy of larger and larger infinite numbers. And as we also mentioned, a set’s cardinality
is always strictly smaller than that of its power set, that is, of the set of all its subsets.
This might be considered an incarnation of the dynamic aspect of infinity; although not as
simple as Bob’s “infinity-plus-one,” it too provides a sense in which it always possible to
pass to a larger infinity. So if the comprehension principle is available, and X denotes the
set of all sets, and P(X) denotes its power set, we have |P(X)| 6≤ |X|. But X is literally
the set of all sets, so P(X) must be a subset of it (whether proper or improper), which
provides a one-to-one function (namely the trivial inclusion map) from P(X) onto a subset
of X; and this by definition means |P(X)| ≤ |X|, contradiction.
Recall the three basic options we listed for resolving paradoxes of this form. The
consensus solution to this particular paradox is option (2) — find some weaker, paler thing
that does exist within the framework, and argue that this is what we must have meant by
the Good Thing all along. In the Cantor paradox case one argues: “Since the unrestricted
comprehension principle turns out to be contradictory within our Framework of Cantorian
set theory, we must have meant a restricted comprehension principle all along, one that
allows us only to form subsets of collections already known to qualify as sets.”
From this fallback to a weaker, paler comprehension principle springs the whole edifice
of axiomatic set theory. One enshrines certain axioms, including instances of the restricted
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comprehension principle, stating as precisely as possible what sets exist; and one uses
standard rules of logic to deduce mathematical truths from the axioms. Out of several such
theories developed in the first half of the 20th century, that of Zermelo and Fraenkel (called
ZFC) became preeminent, and since then has been commonly accepted as a “background”
theory for higher mathematics.
It is a simple consequence of ZFC that there is no set of all sets; for if there were, we
could use the restricted comprehension principle to obtain the set of all its non-self-having
subsets, and we would find ourselves right back in Cantor’s and Russell’s contradictions.
Therefore the foundational commandment of modern set theory is: “Thou shalt not speak
of the collection of all sets as if it were itself a set.” Instead, one takes pains to call it
the proper class of all sets. This “works,” in the sense that it keeps mathematics free of
contradictions, but it seems shamefully ad hoc to a certain philosophical mindset. For
example:
It is an embarrassment in set theory, as it is often understood, that an absolute
distinction must be drawn between totalities such as the totality of ‘all ordinals’
or ‘all cardinals’ or ‘all sets’—the totalities which Cantor called ‘inconsistent
manifolds’ and we call proper classes—on the one hand, and those totalities
which form sets. For when we take the former totalities to be well-defined
objects, then we must make this absolute distinction: the two kinds of objects
must be treated quite differently. But why, if the totality of all sets has a welldefined extension, is it not a set in a more extensive totality? (W. W. Tait, in
[5], p. 140-141)
A Bergsonian solution to Cantor’s paradox
Now we are ready to invoke Bergson’s insight: possibilities do not form one eternally
fixed totality; they grow over time. This insight can now extend to mathematics thanks to
advances that have been made since Bergson’s time. The key question posed in the citation
above is why, “if the totality of all sets has a well-defined extension, is it not a set in a more
extensive totality?”. The Bergsonian response is: the totality of all sets now could very
well be a set in a more extensive totality of sets that exists at some point in the future.
To make this response rigorous we interpret “totality of mathematical possibilities”
as a model of set theory. In particular we will take the mathematical possibilities now to
constitute a model M of ZF− , a somewhat weaker set theory than ZFC. We are not denying,
then, that an axiomatic Cantorian set theory correctly describes the range of mathematical
possibilities; rather we are saying that it describes the range of mathematical possibilities
available at a given place and time, and that there may be different possibilities at different
places and times. We will now try to clarify some of the more immediate technical issues
that this raises.
Scholium: models of set theory. An axiomatic theory is a collection of assertions (the
axioms) involving variable symbols and relation symbols. In the case of axiomatic set
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theories like ZFC and ZF− , there is only one relation symbol other than the equals
sign, namely the membership symbol ∈; the formal rendering of “x is a member of
y” is x ∈ y. Generally a theory can have infinitely many axioms, but there must
be an effective algorithm to decide whether any given formal assertion is an axiom
of the theory. A theorem is said to be consistent if no contradiction can be derived
logically from its axioms, in which case the theory must (due to facts about first-order
logic discovered by Skolem, Löwenheim, and Gödel) have a model : some structure
that makes all the axioms true when they are taken to refer to it. We wish to
stress five points here. (A) An axiomatic theory is a fundamentally syntactic entity
that cannot be true or false (except in the extreme cases that it is tautological or
self-contradictory); at most it can become true when taken to refer to some given
structure, in which case that structure is called a model of the theory. (B) A theory’s
having a model does not in general preclude it from having many different models.
ZFC and ZF− are consistent theories3 , and it is widely believed they are true of a
structure known as “the real universe of all possible sets,” but the belief in one unique
structure fitting this description is in tension with the demonstrable fact that ZFC
and ZF− hold true of an enormous range of distinct structures. (C) Set theories do not
concern entities distinct from those studied in other branches of mathematics, the way
that zoology, say, differs from botany — rather, whole numbers, real numbers, vector
spaces and so on are identified with sets in a systematic, canonical way. Thus when we
say that new sets become possible at a point, it may be more intuitive (and roughly
correct, depending on the kind of sets that become possible) to understand this as
“new real numbers become possible at a point, along with whatever other structures
are definable from them.” Of course a new real number x cannot be a definable one
like 3/4 or π, which must be possible everywhere and always; rather a new x must
have an infinitely long decimal expansion whose digits follow no intelligible pattern.
(D) In order for a model M of ZF− or ZFC to be a set within a larger model N , N
must have an ordinal that is greater than any in M ; this too can be accomplished via
new real numbers in N , which can encode new ordinals (technically, a real number in
N could do this by encoding the order-type of the collection of all ordinal numbers in
M , thereby “collapsing that order-type to ℵ0 ”). (E) ZFC has two “nonconstructive”
axioms, the Axiom of Choice and the Powerset Axiom, which assert the existence of
sets without specifying their members; it will become clear that we need a theory in
which each set that is possible at a point must be constructed from sets that existed
previously, and so we will focus on the theory ZF− , which is ZFC shorn of these two
axioms. Within ZF− it is also simpler for a real number in a model N to encode an
ordinal larger than any in M , since ℵ0 may be the only infinite cardinal in M ; if that
is the case then N needs only a real number that “collapses M ’s continuum,” which,
with the technique of forcing, is as easy as falling off a log.
3

Occasionally one sees “Assuming ZFC is consistent . . .,” especially in metamathematical contexts where
extra scruples are warranted; but at this date it is fair to say that mathematicians have nearly as much
faith in ZFC’s consistency as in, say, Peano arithmetic’s consistency, which is to say total faith.
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In Bergson’s lifetime, model theory and ZFC were in their infancy. The idea that ZFC
might have multiple distinct models was understood, but very little had been proved on
the subject. It was not until the 1960s that tools were invented — notably P. Cohen’s
technique of forcing — for obtaining a wide range of models with different properties.
Since then, models obtained this way, which may sound like arcana outside of mathematics
departments, have become a commonplace subject of study within them. This allows us
to assert in a rigorous way the idea that new structures become possible over time.
The central postulate of “mathematized” Bergsonism: The totality of mathematical possibilities at each space-time point p is a model Mp of ZF− , and whenever p, q
are points such that p is in q’s past cone, we have Mp ⊆ Mq ; and for some such p, q we
have Mp ∈ Mq (i.e. Mp exists as a set within Mq ).
Now the notion of a model of set theory is, as we said, a standard one today, as is the
notion that one model might be a set belonging to another larger model. Given this, one
may well ask why the central postulate just stated has not been more widely contemplated
before now, if it indeed provides a more robust solution to Bergson’s and Cantor’s paradoxes
than the other approaches on offer. The reason is that it provides such a solution only if
it comes with some explanation of how new sets emerge. Otherwise, the new sets are the
output of some cosmic random-number generator that is wholly disconnected from our
understanding of science and mathematics.
Bergson never contended, though, that new possibilities are injected into the world via
some mysterious mechanism external to it. His insight was that all life is fundamentally
creative evolution, the continual, gradual production of radically new possibilities. To make
our central postulate more than a curiosity, we need to show how the new sets at point p
might be created by or constructed out of what happened prior to p. Only then will we
have a rigorous alternative to pit against the block-universe Framework.
To develop an alternative framework this way is the goal of the “Bergsonian axioms
for physics” project. The paper [2] of that title develops postulates that capture in a
relatively non-technical way the basis for such a framework. These postulates are then
formalized in [3] as mathematical axioms for self-constructing continua. The latter paper
also gives a recipe for defining candidate structures that might satisfy the axioms. This
recipe takes as an input an infinite boolean algebra; it thus largely reduces our task to
finding a boolean algebra that outputs a model of the axioms. It is shown that the most
natural and simple candidate boolean algebras (Cohen algebras and measure algebras)
cannot yield a model, which is perhaps discouraging. On the other hand, it is shown in [4]
that systems of projection operators in local quantum theory can provide boolean algebras
with novel features that might get around the obstacles that prevented the simpler algebras
from yielding models of the axioms. If these systems can indeed be modified to yield models
of our axioms, we may obtain a framework that not only maps onto existing laws of physics,
but helps explain why those laws must have such a strange quantum form, rather than a
simpler Newtonian/Maxwellian one.
The mathematics involved in the project just described are not elementary. Understand11

ing the Bergsonian axioms and the framework for satisfying them requires graduate-level
set theory; understanding the structures that we would like to use to satisfy the axioms
requires graduate-level operator algebra and quantum mechanics. It would be perfectly
reasonable for someone intrigued by the Bergsonian axioms project to decline to pursue
it on the grounds that it requires too many years of mathematical study, relative to the
uncertainty of the payoff. But we would like to close our pitch to potential comrades by
stressing how valuable the payoff would be, could it be achieved. The potential payoff is not
just gratification of mathematical curiosity. It is a robust alternative to the block-universe
framework, and therefore a cure for the pernicious effects — quietism, inertia — that contemplation of this framework tends to induce in many of us. In Bergson’s own concluding
words from “The possible and the real”:
... [R]eality inventing itself before our eyes will give each of us, endlessly, certain
satisfactions that art supplies occasionally to fate’s chosen few; beyond the stasis
and monotony that we first see in this reality, with senses hypnotized by the
constancy of our wants, reality will reveal to us ceaselessly regenerating newness,
the moving creativity of things. But we will above all be stronger, for in this
great work of creation that has been there from the beginning and keeps going
before our eyes, we will feel ourselves to be participants, creators of ourselves.
Our power to act, taking hold of itself once again, will intensify. Having been
abased up to this point in a submissive attitude, slaves of some natural necessity,
we will stand again, masters in allegiance with a greater Master. Such will be
the conclusion of our study. Let us beware seeing a mere game in speculation
on the relations of the possible and the real — it may well be preparation for
living well. ([1], p. 116)
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