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Abstract

This paper proceeds from the observation that random-real forcing (forcing with a
c.c.c. measure algebra) is equivalent to forcing with a topology τ on the normal state
space of a commutative von Neumann algebra R, where τ is induced in a natural
way by R’s projection lattice P, and that a generic filter G ⊆ τ induces a generic
probability measure µG on P which is interdefinable with a random real. Our main
result is that the same construction can be carried out with certain noncommutative
von Neumann algebras, yielding topologies on their normal state spaces that are
inequivalent to the original τ , but induce a generic probability measure in the same
way. We show that these forcings are not c.c.c. (so are not equivalent to random-real
forcing) and do not collapse ℵ1 (nor any other cardinals, if CH is assumed).

1 Introduction / Overview

Maharam’s Theorem (Theorem 30.1 in [1]) entails that all homogeneous c.c.c. measure
algebras are isomorphic. Two well-known instances of this algebra are, first, the algebra
B of equivalence classes of Borel subsets of R modulo Lebesgue-measure-zero sets, and,
second, the projection lattice P of a commutative type II von Neumann algebra acting on
a separable Hilbert space H. Since B and P are order-isomorphic, they are equivalent as
forcing notions.

Let us observe one difference between B and P, however. A generic filter G on B can
be thought of as a net of subsets (modulo null sets) of an underlying space (namely R)
that “shrink down to an ideal point” of that space, namely to the random real number xG
interdefinable with G. But if the projections in P are identified with subsets of H (namely,
with their respective range spaces) then a generic filter of these subsets does not shrink
down analogously to any ideal element or subset of H.

Consider, however, that instead of identifying a projection P ∈ P with a subset of H,
we could identify it with a subset of R’s normal state space — namely, with the set of
states on R induced by the vectors in range(P ). Equivalently (by the generalized Gleason
theorem cited in Fact 2.1 below) we could identify P with the set OP of countably additive
probability measures on P induced by vectors in range(P ). (A unit vector v induces the
probability measure Q 7→ ‖Qv‖2.) Considering each OP to be an open set yields a basis
for a topology τ on the set of countably additive probability measures on P. Forcing with
τ is equivalent to forcing with B or P (see Lemma 2.3), and we will see that, as with B, a
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generic filter on τ does “shrink down to an ideal element of the underlying space,” namely
to a generic probability measure on P (Theorem 3.5). This is what allows the generalization
of random-real forcing: we consider the projection lattices of certain noncommutative von
Neumann algebras, and force with the topologies they induce on their own probability-
measure spaces. Showing that a generic probability measure is still induced in these cases
is more complicated (Section 4).

In Section 5 we show that if τ is defined from a noncommutative R, forcing with τ is
not equivalent to random-real forcing or to the usual continuum-collapsing forcing. Finally
in Section 6 we highlight some open questions about forcing with τ .

2 Preliminaries

We begin by fixing our definitions.
M is our ground model of ZFC in which all the following objects are defined.
H is a complex Hilbert space of countably infinite dimension.
H=1 is the set of all unit vectors in H.
B(H) is the algebra of all bounded operators acting on H.
R ⊆ B(H) is a von Neumann algebra acting on H, having no minimal non-null projec-

tions, and having a separating vector v ∈ H.
P ⊆ R is the lattice of all (orthogonal) projection operators inR with the usual ordering

P ≤ Q ⇐⇒ range(P ) ⊆ range(Q).

P+ is P without the null projection 0. We use 1 to denote the identity projection. ∧
and ∨ are the usual lattice meet and join operations on P. Note that since R, being a von
Neumann algebra, is closed in B(H)’s strong operator topology, P is a complete lattice.

We write ran=1(P ) as shorthand for the set of unit vectors in P ’s range.
A state on R is a complex linear functional ω thereon satisfying ω(1) = 1.
A normal state on R is one that is additive on all pairwise-orthogonal X ⊆ P.
A probability measure on a set X of projections (like P) is a real function µ : X → [0, 1]

that satisfies
µ(
∨
P∈Y

P ) =
∑
P∈Y

µ(P )

for every pairwise-orthogonal subset Y ⊆ X whose join (= sum) exists in X.
Remark. Authors differ on whether to make countable additivity a requirement of the

definition of “probability measure.” We have chosen to do so, but with the added clause
“whose join exists in X.” If we were only concerned with projection lattices of von Neumann
algebras we could omit this clause since the join would always exist; however, our goal is to
force a generic probability measure µG onR’s projections, and in M [G],Rmay no longer be
a von Neumann algebra because it may no longer be closed in the strong operator topology
(or even the norm topology). Whether this µG will extend to a probability measure on
the von Neumann algebra generated by R in M [G] is a good question but not one we will
pursue here.
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Λ is the set of all probability measures on P. The restriction to P of any normal state
on R is some µ ∈ Λ. Conversely we have:

Fact 2.1 (Generalized Gleason theorem) Every µ ∈ Λ extends to a unique normal
state on R.

This is Theorem 12.3 of [3]; it holds whenever R has no type I2 summand, and so in
particular when R is defined as above, as an algebra without minimal projections. The
proof is extremely (and, we would add, surprisingly) complicated. �

For v ∈ H=1, µv : P→ [0, 1] is the probability measure P 7→ ‖Pv‖2 that v induces. All
of P’s probability measures are induced this way:

Fact 2.2 Every µ ∈ Λ is µv for some v ∈ H=1.

Proof: By Fact 2.1 every µ ∈ Λ is the restriction of a normal state ω to P. And since we
stipulated that R has a separating vector, Theorem 7.2.3 of [2] entails that every normal
state ω on R is a vector state, i.e. of form T 7→ 〈Tv, v〉 for some v ∈ H=1. �

OP is {µv : v ∈ ran=1(P )}, for P ∈ P.
Bτ is {OP : P ∈ P+}.
τ is the topology on Λ with basis Bτ . Bτ does satisfy the axioms to be a basis for a

topology: Bτ is closed under finite intersection because OP ∩ OQ = OP∧Q ∈ Bτ , and the
whole space Λ will be open because Λ = O1, by Fact 2.2.

Remark. Forcing with a topology (like τ) means using the nonempty open sets of a
topological space as a forcing poset, ordered by inclusion. This is equivalent, by standard
density/genericity arguments, to forcing with a basis of the topology; we will generally
force with Bτ rather than with all of τ ’s nonempty sets because we can then omit steps of
form “Given O ∈ τ , first extend to some OP ∈ Bτ , OP ⊆ O . . ..”

Lemma 2.3 P 7→ OP is an order-isomorphism from P+ onto Bτ .

For P, P ′ ∈ P+, we plainly have

P ≤ P ′ ⇒ range(P ) ⊆ range(P ′)⇒ OP ⊆ OP ′ .

It remains to prove P 6≤ P ′ ⇒ OP 6⊆ OP ′ . Fix P 6≤ P ′. P − (P ∧ P ′) is not null; call it Q.
Note ran=1(Q) ∩ ran=1(P ′) = ∅. Choose any v ∈ ran=1(Q); then µv(Q) = 1 and µv ∈ OP ,
but we cannot have µv ∈ OP ′ , since for no w ∈ ran=1(P ′) can we have ‖Qw‖2 = 1. So
OP 6⊆ OP ′ . �

Corollary 2.4 If P and Bτ are defined relative to a von Neumann algebra R that is com-
mutative and type II, then B, P, and Bτ ∪ {∅} are all order-isomorphic, and so in this
sense Bτ “is” random-real forcing (in this commutative case). �

3



3 Bτ-forcing and generic probability measures

We now consider forcing with Bτ .
1 Let G be a filter on Bτ that is generic with respect

to M , meaning G ∩ D 6= ∅ for all dense subsets D ⊆ Bτ that exist in M . M [G] is the
corresponding generic extension.

Definition. For all O ⊆ Λ andQ ∈ P, let IO(Q) be the smallest closed interval containing
all values of µ(Q) for µ ∈ O, that is,

IO(Q) ≡ [ inf{µ(Q) : µ ∈ O}, sup{µ(Q) : µ ∈ O} ].

We write |I| for the length of an interval I (that is, |I| = max(I) − min(I)). IO(Q) is
understood to be defined in the ground model M ; let IO(Q) denote its closure in the
(potentially “thicker”) real line of M [G].

Fact 3.1 O ⊆ O′ ⇒ IO(Q) ⊆ IO′(Q). �

Fact 3.1 is obvious but worth pointing out because IO(Q) will be the interval into which
O, considered as a forcing condition, squeezes the value that the induced generic probability
measure will take on Q; smaller conditions will squeeze the value into smaller intervals.

Fact 3.2 For all P,Q ∈ P with P 6= 0,

max(IOP
(Q)) = sup{‖Qv‖2 : v ∈ ran=1(P )};

min(IOP
(Q)) = inf{‖Qv‖2 : v ∈ ran=1(P )}.

This follows directly from the definitions of OP , IO, and µv. �

Lemma 3.3 Let Q ∈ P be arbitrary; then⋂
O∈G

IO(Q) = {xQ}

will hold for some real xQ ∈M [G], if and only if for all ε > 0 there exists O ∈ G such that
|IO(Q)| < ε.

Suppose some O ∈ G exists as demanded for all ε > 0. For all O,O′ ∈ G, IO(Q)∩ IO′(Q) 6=
∅, thanks to the mutual compatibility of G-members; then by the compactness of the real
interval [0, 1] in M [G], the intersection of IO(Q) for all O ∈ G must have at least one point.
And it can have at most one point because the IO(Q) have arbitrarily small length.

1[1] is a standard reference for forcing, but uses a boolean-algebraic approach that we do not need here;
[4] provides a less terse exposition of forcing, but note that it uses a reversed forcing-poset order so that
the generic object is an ideal rather than a filter.
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Conversely, suppose the intersection is {xQ} for some real xQ ∈M [G]. Plainly we have
max(IO(Q)) ≥ xQ for all O ∈ G, as well as min(IO(Q)) ≤ xQ. Thus for all ε there must
exist some O ∈ G such that

xQ ≤ max(IO(Q)) ≤ xQ + ε/2, (*)

and some O′ ∈ G such that

xQ − ε/2 ≤ min(IO(Q)) ≤ xQ. (**)

By pairwise compatibility of filter elements, some O′′ ∈ G exists such that O′′ ⊆ O ∩ O′;
and this O′′ is as required since by Fact 3.1 IO′′(Q) satisfies both (*) and (**). �

Definition of induced probability measure. When Lemma 3.3’s condition holds for
all Q ∈ P, the following function µG : P→ [0, 1] is well defined in M [G]:

µG : Q 7→ the sole member of
⋂
O∈G

IO(Q).

We call µG the generic function induced on P by G. If µG is a probability measure, we call
it the generic probability measure induced by G.

Lemma 3.4 G is guaranteed (= forced by all conditions) to induce a generic probability
measure on P if and only if, for all O ∈ Bτ , ε > 0, and sets {Qi : i < α} ⊆ P of pairwise-
orthogonal projections where 0 < α ≤ ω0, there exist n > 0 and O′ ∈ Bτ , O′ ⊆ O, such
that, when we define Q<n ≡

∑
i<nQi and Q<α ≡

∑
i<αQi, we have

min(IO′(Q<n)) > max(IO′(Q<α))− ε.

Suppose all O ∈ Bτ force G to induce a generic probability measure µ on P. Consider
arbitrary O ∈ G, {Qi : i < α}, and ε as in the lemma’s statement. Since µ is countably
additive we may choose n ∈ N sufficiently large so that

µ(Q<n) > µ(Q<α)− ε/3, (†)

when Q<n and Q<α are defined as in the statement of the lemma. (If α is finite then simply
let n equal α; in this case, Q<n = Q<α.) We now apply Lemma 3.3 twice in succession to
obtain some O′ ∈ G such that

|IO′(Q<α)| < ε/3; |IO′(Q<n)| < ε/3. (††)

Since O′ ∈ G, we know that µ(Q<n) ∈ IO′(Q<n) and µ(Q<α) ∈ IO′(Q<α). It follows
from this and from (†), (††) that n and O′ are as required.

Conversely, suppose that for all O, {Qi : i < α} and ε as in the lemma’s statement,
there exist the required n > 0 and O′ ⊆ O. Note first that this holds in particular for all
singletons {Q0}; it follows easily that Lemma 3.3 applies for all Q ∈ P, meaning that a
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generic function µG on P is induced by G. Clearly µG(1) = 1. It remains to verify µG’s
countable additivity. Let µ̇G be a forcing name for µG. Fix arbitrary O, ε and pairwise-
orthogonal {Qi : i < α} ⊆ P. For all O′ ≤ O, the condition in the lemma’s statement
entails that, for the n > 0 and O′′ ⊆ O′ guaranteed to exist,

O′′  µ̇G(Q<n) > µ̇G(Q<α)− ε.

Since n and O′′ exist for all O′ ≤ O and arbitrarily small ε,

O  lim
n→∞

µ̇G(Q<n) = µ̇G(Q<α). �

Theorem 3.5 (The commutative case) If the algebra R with respect to which Bτ is
defined is commutative, then a generic filter G on Bτ induces a generic probability measure
µG.

This claim will follow from the more general Theorem 4.4, but there is a simpler proof
available in the present case, where R is commutative. This proof will also show that in
the present case the induced probability measure takes only values 0 and 1.

Preliminary observation: if P ≤ Q then IOP
(Q) is the singleton interval [1, 1]; and if P

is orthogonal to Q then IOP
(Q) = [0, 0].

It suffices to show that the conditions of Lemma 3.4 are met by every OP ∈ Bτ . Fix
some P ∈ P+, thereby fixing OP ; then, as in Lemma 3.4, fix a set {Qi : i < α} ⊆ P of
pairwise-orthogonal projections, where 0 < α ≤ ω0, and let Q<α denote their sum. Fix
ε > 0 too (although as we will see the value does not enter into the argument).

For all i < α, P commutes with Qi. It then follows from the geometry of commuting
projections that either P and Qi are orthogonal, or their meet P∧Qi (that is, the projection
onto the intersection of their ranges, which is itself a P-member) is non-null. If every Qi is
orthogonal to P (Case I), let O′ just be OP , and set n = 1. If instead P ∧Qi 6= 0 for some
i (Case II), let O′ be OP∧Qi

for the least such i, and set n = i + 1 for this i. Note that in
both cases O′ ⊆ OP .

Write Q<n for
∑

i<nQi, as in Lemma 3.4.
In Case I, IO′(Qi) = [0, 0] (by our preliminary observation above) for all i, and therefore

min(IO′(Q<n)) = max(IO′(Q<α)) = 0.

In Case II, IO′(Qi) = [0, 0] except for one i, i < n, for which IO′(Qi) = [1, 1]; thus

min(IO′(Q<n)) = max(IO′(Q<α)) = 1.

In either case the requirement of Lemma 3.4 is met, regardless of ε’s value. �

4 Noncommutative analogs of random real forcing

In this section we show that forcing with Bτ induces a generic probability measure when
defined from any R satisfying our original stipulations that it have a separating vector and
no minimal projections, not just when R is commutative. The key to proving the general
case is the following lemma.
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Lemma 4.1 For any P,Q ∈ P+ and ε > 0, there exists P ′ ∈ P+, P ′ ≤ P , satisfying the
requirement that min(IOP ′ (Q)) ≥ max(IOP

(Q))− ε. The same holds when the requirement
is instead max(IOP ′ (Q)) ≤ min(IOP

(Q)) + ε.

The idea is to take the polar decomposition of the operator QP and then a sufficiently thin
“top slice” (or bottom slice) of the spectral resolution of its self-adjoint part.

Consider the operatorQP ∈ R. Since von Neumann algebras have polar decompositions
of all of their operators ([2], Proposition 6.1.3), we have QP = UT for some non-negative
self-adjoint T ∈ R and some partial isometry U ∈ R whose initial space is the closure of
the range of T .

Recall that we use ran=1(P ) to mean the set of unit vectors in P ’s range.
The first point to note is

max(IOP
(Q)) = ‖T‖2 (1)

which holds because ‖T‖ = ‖UT‖ (since U is norm-preserving on T ’s range) and

‖UT‖2 = ‖QP‖2 = sup{‖Qv‖2 : v ∈ ran=1(P )} = max(IOP
(Q)).

(The last equality is just Fact 3.2.) Secondly, it is easily verified that

Pv = 0 ⇒ QPv = 0 ⇒ UTv = 0 ⇒ Tv = 0,

giving us ker(P ) ⊆ ker(T ), and therefore

ker⊥(T ) ⊆ ker⊥(P ). (2)

Let σ(T ) denote T ’s support projection, that is, the projection onto ker⊥(T ). We then
have from (2) and the fact that the projection onto ker⊥(P ) is just P that

σ(T ) ≤ P. (3)

The final point to note before we turn to T ’s spectral resolution is

(∀v ∈ range(P )) (‖Tv‖ = ‖UTv‖ = ‖QPv‖ = ‖Qv‖). (4)

Now consider the spectral resolution of T , namely the set {Eλ} of projections indexed
by λ ∈ R, each of which exists in R, such that (by [2], Theorem 5.2.2)

T =

∫ ‖T‖
−‖T‖

λ dEλ

in the sense of norm convergence of approximating Riemann sums.
Since T is non-negative, its spectrum sp(T ) is a subset of the interval [0, ‖T‖]. It follows

that Eλ = 0 for all λ < 0, and that range(E0) = ker(T ). This entails E‖T‖ − E0 = σ(T ).
From this and (3) we have for all 0 < λ < ‖T‖,

(E‖T‖ − Eλ) ≤ (E‖T‖ − E0) = σ(T ) ≤ P. (5)
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Now by [2], Proposition 3.2.15, ‖T‖ ∈ sp(T ). It follows from the norm convergence of
approximations noted above that for all δ > 0, there exists some λ < ‖T‖ such that when
we define the “topmost approximating Riemann box” P ′ ≡ E‖T‖ − Eλ, we have∥∥TP ′ − ‖T‖P ′∥∥ < δ.

Thus
(∀v = ran=1(P ′))(

∥∥Tv − ‖T‖v∥∥ < δ),

which by the triangle inequality entails

(∀v = ran=1(P ′))(‖Tv‖ ∈ (‖T‖ − δ, ‖T‖+ δ)). (6)

Since P ′ ≤ P , (4) and (6) imply for all v ∈ ran=1(P ′) that

‖Qv‖ ∈ (‖T‖ − δ, ‖T‖+ δ). (7)

Thus
inf{‖Qv‖ : v ∈ ran=1(P ′)} ≥ ‖T‖ − δ, (8)

and then, by squaring both sides,

(inf{‖Qv‖ : v ∈ ran=1(P ′)})2 ≥ ‖T‖2 − 2δ‖T‖+ δ2 ≥ ‖T‖2 − 2δ‖T‖, (9)

so

inf{‖Qv‖2 : v ∈ ran=1(P ′)} = (inf{‖Qv‖ : v ∈ ran=1(P ′)})2 ≥ ‖T‖2 − 2δ‖T‖. (10)

Invoking Fact 3.2 and choosing δ ≡ ε/2‖T‖ gives us

min(IOP ′ (Q)) ≥ ‖T‖2 − ε. (11)

Then recalling (1) we have

min(IOP ′ (Q)) ≥ max(IOP
(Q))− ε.

If alternatively we want to satisfy max(IOP ′ (Q)) ≤ min(IOP
(Q)) + ε, we let λ > 0 be least

such that Eλ > E0, and let P ′ be Eλ+δ−Eλ for sufficiently small δ. The argument proceeds
the same way. �

Definition. For all OQ ∈ Bτ , define the “yes” set YOQ
and “no” set NOQ

by

YOQ
≡ {OP ∈ Bτ : OP ⊆ OQ}; NOQ

≡ {OP ′ ∈ Bτ : IOP ′ (Q) ∩ IOQ
(Q) = ∅}.

Note that IOQ
(Q) is always just {1}, so NOQ

’s definition could be simplified, but at the
cost of making the following fact, which explains the “yes”/“no” terminology, less obvious.

Fact 4.2 YOQ
∩G 6= ∅ ⇒ OQ ∈ G; and NOQ

∩G 6= ∅ ⇒ OQ 6∈ G. �
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Lemma 4.3 For all OQ ∈ Bτ , YOQ
∪NOQ

is a dense subset of Bτ .

Consider arbitrary P,Q ∈ P+. If OP ⊆ OQ then OP ∈ YOQ
. If not, we must find

P ′ ∈ P+, P ′ ≤ P , such that OP ′ ∈ NOQ
, which by definition means IOP ′ (Q) ∩ IOQ

(Q) = ∅.
Since IOQ

(Q) = {1}, what we need to arrange is

max(IOP ′ (Q)) < 1.

Now min(IOP
(Q)) < 1 because otherwise OP ⊆ OQ would have held. Thus we can set ε

sufficiently small and invoke Lemma 4.1, to obtain P ′ ≤ P satisfying max(IOP ′ (Q)) < 1. �

Theorem 4.4 A generic filter G ⊆ Bτ (with Bτ defined relative to any R as stipulated at
the outset) induces a generic probability measure µG on P with which G is interdefinable.

We first prove that all OP ∈ Bτ satisfy the conditions of Lemma 3.4, and so they all force
G to induce a generic probability measure. Fix some P ∈ P+, thereby fixing OP ∈ Bτ ; fix
ε > 0 and any set {Qi : i < α} ⊆ P, with 0 < α ≤ ω0, of pairwise-orthogonal projections;
and let Q<α denote their sum as in Lemma 3.4.

Case I. If α is finite, set n = α; note that in this case, when we define Q<n ≡
∑

i<nQi

as in Lemma 3.4, we have Q<n = Q<α, and so

max(IOP
(Q<n)) = max(IOP

(Q<α)). (12)

Case II. If α = ω0, choose n as follows. From Fact 3.2, we have

max(IOP
(Q<α)) = sup{‖Q<αv‖2 : v ∈ ran=1(P )}.

Choose some w ∈ ran=1(P ) such that

‖Q<αw‖2 > max(IOP
(Q<α))− ε/3.

Then let n be least such that

‖Q<nw‖2 > ‖Q<αw‖2 − ε/3,

which is possible since Q<n converges to Q<α in the strong operator topology as n → ∞.
The previous two inequalities, plus Fact 3.2 again, imply

max(IOP
(Q<n)) > max(IOP

(Q<α))− 2ε/3. (13)

In both cases I and II, we next invoke Lemma 4.1 to obtain P ′ ≤ P such that

min(IOP ′ (Q<n)) ≥ max(IOP
(Q<n))− ε/3.

From this and either (12) in case I or (13) in case II, we conclude that n and OP ′ satisfy
Lemma 3.4’s requirement:

min(IOP ′ (Q<n)) ≥ max(IOP ′ (Q<α))− ε.
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Thus G induces a generic probability measure µG.
It remains to show that G is definable from µG. We will do this by verifying

G = {OQ ∈ Bτ : (∀P ∈ P+)(µG(P ) ∈ IOQ
(P )}.

If OQ ∈ G then Lemma 3.3 entails µG(P ) ∈ IOQ
(P ) for all P ∈ P+. If OQ 6∈ G, we use

Lemma 4.3, which says that YOQ
∪ NOQ

is dense in Bτ . By genericity, then, there exists
OP ∈ G such that either OP ⊆ OQ, or IOP

(Q)∩IOQ
(Q) = ∅. The first would entail OQ ∈ G,

which we are supposing not to be the case, so the second holds, entailing µG(P ) 6∈ IOQ
(P )

(via Lemma 3.3 again). �

5 Chief facts about Bτ forcing

5.1 Bτ is not a c.c.c. poset when defined from a non-abelian R
By definition a poset meets the countable chain condition (or “is c.c.c.”) if it has no
uncountable antichain. By isomorphy (Lemma 2.3) Bτ is c.c.c. if and only if P+ is c.c.c.
And it is well known that P+ is not c.c.c. when it is defined from a non-abelian algebra.
We will summarize a proof of this fact, taking as granted the following proposition:

Fact 5.1 (Proposition 6.1.8 of [2]) Two projections E and F in a von Neumann alge-
bra R have non-zero equivalent subprojections if and only if CECF 6= 0.

“Equivalent” is meant here in the Murray-von-Neumann sense that there exists a partial
isometry V ∈ R such that V ∗V = E and V V ∗ = F ; and CE, CF mean the central carriers
of E and F in R. We refer to [2] for the proof. �

Fact 5.2 If a von Neumann algebra R has a partial isometry V whose final space is a
subspace (proper or not) of its initial space’s orthogonal complement, then the poset P+ of
R’s non-null projections has an uncountable antichain.

Suppose there exists such a V ∈ R. V ∗V is the projection onto V ’s initial space, and V V ∗

is the projection onto V ’s final space (see [2], Proposition 6.1.1). For all θ ∈ [0, π/2] define
Vθ ≡ cos(θ))V ∗V + sin(θ)V . Then each Vθ is a partial isometry that exists in R, and can
be described as an operator that projects H onto V ’s initial space, and then “rotates it
partway towards” that space’s orthogonal complement. Consider the projections onto these
partial isometries’ final spaces, that is, the projections of form VθV

∗
θ . A straightforward

geometrical argument shows that the ranges of VθV
∗
θ and Vθ′V

∗
θ′ must be disjoint (aside from

the null vector) when θ 6= θ′; thus the VθV
∗
θ ’s jointly constitute an uncountable antichain

of P+. �

Fact 5.3 If R is not abelian then the P+ defined from it is not a c.c.c. poset.
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We prove the contrapositive. Suppose P+ is c.c.c. By Fact 5.2 R has no partial isometry V
whose final space is a subspace of its initial space’s orthogonal complement. Then by Fact
5.1, we must have CEC1−E = 0 for all E ∈ P. Now since E and (1 − E) are orthogonal
complements, if either CE > E or C1−E > (1 − E) strictly, then CEC1−E 6= 0. So for all
E ∈ P, E is its own central carrier in R, and so lies in the the center of R (the subset of
R whose members commute with all of R). It follows that all projections in R commute,
so R is abelian. �

5.2 Bτ does not collapse ℵ1

We show here that forcing with Bτ does not collapse ℵ1 to ℵ0. That is to say, in expanding
the universe of sets from the ground model M to the generic extension M [G] (where G
is a generic filter on Bτ ), no new mapping emerges that would put the natural numbers
into one-to-one correspondence with M ’s smallest uncountable cardinal. (Note that if ℵ1
is not collapsed to ℵ0 then neither is any larger cardinal, including the cardinality of the
continuum, if it happens to have been larger than ℵ1 in M .)

The standard way to force a cardinal κ to collapse to ℵ0 is with the poset whose members
are finite sequences of ordinals < κ, ordered by reverse inclusion. We will let (Cκ,≤) denote
this poset for some fixed uncountable κ, and show that it does not embed densely into P+

(which is order-isomorphic to Bτ , Lemma 2.3), nor into any principal ideal thereof (i.e. it
does not embed densely “below” any element of P+), and therefore is not forcing-equivalent
to Bτ . (If R is non-abelian and ℵ0 < κ ≤ 2ℵ0 then (Cκ,≤) does embed non-densely into
P+, since P+ has an antichain of size 2ℵ0 below any member.)

Lemma 5.4 (Cκ,≤) does not embed densely below any element P0 of P+.

Suppose towards a contradiction that φ : Cκ → P+ is an embedding such that the image of
the empty sequence (Cκ’s greatest element) is some projection P0, and φ’s range is dense
below P0.

Fix some faithful normal state ω on R, and fix some function f : N→ R with values in
the interval (0, 1) such that the infinite product∏

n∈N

f(n)

is positive. (We will use ω and f to impose lower limits on the “size” of projections in a
sequence so that they do not converge to the null projection.)

We will need a simple sub-lemma: For all P ∈ P+, P ≤ P0, there exists A ⊆ Cκ whose
image under φ is a set of pairwise-orthogonal subprojections of P whose sum is P . Proof:
Let A ⊆ Cκ be a maximal subset of Cκ such that φ[A] is a set of pairwise-orthogonal
subprojections of P , and define

P ′ ≡
∑
c∈A

φ(c).
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If P ′ 6= P then (P − P ′) ∈ P+. Then since φ is supposedly a dense embedding there exists
c ∈ Cκ such that φ(c) ≤ (P − P ′), but then φ(c) is orthogonal to P ′ and so violates A’s
maximality; thus P ′ = P , and the sub-lemma is proved.

Let X0 be the singleton set whose only member is the empty sequence. Recall that
we stipulated the empty sequence’s image under φ to be P0. We choose Xn for n > 0
inductively. At stage n > 0, for each c ∈ Xn−1, obtain Ac ⊆ Cκ from the sub-lemma just
above having a pairwise-orthogonal image under φ whose sum is some projection Q ∈ P,
with Q strictly < φ(c), but such that

ω(Q) > f(n) ω(φ(c)).

(It is straightforward to verify that if no such Q existed, P+ would have a minimal projec-
tion.) Finally (at stage n) let Xn be the union of these Ac for all c ∈ Xn−1, and define

Pn ≡
∑
c∈Xn

φ(c).

Our constraint on the ω-values of the Xn-members ensures that

ω(Pn) > ω(P0)
∏
i≤n

f(i).

The products on the right side of this inequality converge to a positive number by our
choice of f , and so ω(Pn) converges to a positive number as n→∞.

Once n has run through all of N, let P be the strong-operator limit of P0 > P1 > . . ..
Since ω is a normal state and so is strong-operator continuous on P, ω(P ) is the limit of
ω(Pn), which we just confirmed to be positive, so P ∈ P+.

We now show that no φ(c) is ≤ P . Consider any sequence c ∈ Cκ, and let |c| denote
its length. Note that all sequences c′ ∈ X|c| are of length ≥ |c|, and that since φ is an
order-isomorphism, we have for all n ≥ |c| that every d ∈ Xn shares its initial length-|c|
subsequence with some c′ ∈ X|c|.

Consider first the case that c is not the length-|c| initial subsequence of any c′ ∈ X|c|.
Then φ(c) is disjoint from P|c|, and so too from P which is ≤ P|c|.

Consider next the case that c is the length-|c| initial subsequence of at least one c′ ∈ X|c|.
Recall that in choosingXn’s members in the iteration above, we chose for eachXn−1 member
a Q strictly smaller than that member’s image under φ. This ensures that φ(c) ∧ P|c|+1

will be strictly < φ(c). Therefore (since P < P|c|+1) φ(c) ∧ P is strictly < φ(c), entailing
φ(c) 6≤ P . So in no case can we have φ(c) ≤ P , and the embedding φ is not dense below
P0. �

We now establish that the only way Bτ could collapse the continuum (2ℵ0) to ℵ0 would
be by embedding a dense copy of (Cκ,≤) where κ = 2ℵ0 ; so Bτ does not collapse the
continuum to ℵ0.

Lemma 5.5 |P| = 2ℵ0 (in M).
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|P| ≥ 2ℵ0 (the cardinality of the continuum) since P has a linearly-ordered set of projections
with continuum cardinality (because we stipulated at the outset that R have no minimal
projections, so that between any P < Q there is another projection, and because P is a
complete lattice). And |P| ≤ 2ℵ0 because |P| ≤ |R| ≤ |B(H)| ≤ 2ℵ0 . (Proof of |B(H)| ≤
2ℵ0 : let {vn} be an orthonormal basis for H; let {wn} be a countable dense subset of H;
let Zn be the (finite) set of operators that annihilate all vi with i > n, and map each of
the (finitely many) other vi’s to (possibly distinct) wj’s with j ≤ n; let Z be the union of
all the Zn; then every operator in B(H) is the strong-operator-topology limit of a sequence
O1, O2, O3, . . . of operators in Z; so B(H)’s cardinality is ≤ that of the set of countable
sequences in Z, which is 2ℵ0 .) �

Lemma 5.6 A generic filter G ⊂ Bτ collapses 2ℵ0 to ℵ0 if and only if Bτ embeds a copy
of (Cκ,≤), where κ = 2ℵ0, that is dense below some P0 ∈ G.

This follows from Lemma 26.7 in [1], which proves that any forcing poset of cardinality
κ > ℵ0 that collapses κ onto ℵ0 embeds a dense copy of (Cκ,≤) as we defined it above.
Note that the proof requires Bτ to be a separative poset, defined as one obeying “if P ≤ Q
then there exists an R ≤ P that is incompatible with Q”; clearly P+ (and hence Bτ ) has
this property. �

Theorem 5.7 Forcing with Bτ does not collapse 2ℵ0 to ℵ0. Assuming the Continuum
Hypothesis (CH), it does not collapse any cardinals.

The first claim follows from Lemmas 5.4, 5.5, and 5.6. If CH holds, i.e. 2ℵ0 = ℵ1, then ℵ1
is not collapsed (by the first claim), and Bτ satisfies the κ-chain-condition for all cardinals
κ > ℵ1 (every antichain in Bτ has cardinality < κ, since Bτ itself has cardinality ℵ1 by
Lemma 5.5). Thus by Theorem 15.3 of [1], all regular cardinals κ ∈ M remain regular
cardinals in M [G]. If follows that all cardinals and their cofinalities are preserved in M [G].
�

6 Some questions

1. Does µG extend to a state on R? The generalized Gleason theorem (Fact 2.1) says
that every probability measure on R’s projections extends to a unique state on R, so it is
tempting to conclude immediately that µG does too. The question, however, is where to
invoke this theorem. We cannot invoke it in the ground model M , because µG does not
exist there; and if we invoke it in M [G], then our R may no longer be a von Neumann
algebra, since it may not be closed in the strong operator topology (or even in the norm
topology). Possibly the generalized Gleason theorem can be rejiggered to apply in our case,
but it is not obvious.

2. What can be deduced about the inner ZFC models of M [G]? The natural
order-embedding of Bτ into its own regular open algebra r.o.(Bτ ) is dense, so forcing with
Bτ is equivalent to forcing with r.o.(Bτ ), which has the structure of a boolean algebra. The
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well-known “intermediate model theorem” (Lemma 15.43 of [1]) says that if G is an M -
generic ultrafilter on a boolean algebra B, andN is a ZFC model such thatM ⊆ N ⊆M [G],
then N = M [G ∩ C] for some complete boolean subalgebra C ⊆ B. This can be used to
show, for example, that all such intermediate models N are random-real extensions if
M [G] is a random-real extension, and likewise for Cohen-real extensions. Is the situation
analogous when we force with r.o.(Bτ )? What is the relation between the von Neumann
subalgebras of R and the complete boolean subalgebras of r.o.(Bτ )? A main issue for
this question is whether the boolean subalgebra generated by a von Neumann subalgebra’s
projection lattice embeds completely in r.o.(Bτ ). There are cases in which R is a factor
having a subfactor S ⊆ R whose projection lattice PS ⊆ PR generates a subalgebra that
does not embed completely, to wit, cases where there exists an intermediate type I factor N
such that S ⊆ N ⊆ R. We do not yet understand the situation when no such intermediate
type I subfactor exists.
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